Blue Print for Course One- MAC

Alignment of Tasksto NCTM Content and Process
Standards

Vacuum
Cleaning

Snakes

Crisscross
Numbers

Conference
Tables

Number
Towers

NUM

S

ALG

P

P

GEO

S

MEAS

DATA

PS

REAS

COMM

CONN

REP

NUM = Number and Operations, ALG = Algebra, GEO = Geometry, MEAS =
Measurement, DATA = Data Analysis and Probability, PS= Problem Solving, REAS
= Reasoning and Proof, REP = Representation, CONN = connections, COMM =
Communication

P denotes Primary NCTM Content Standard
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Overall Frequency Distribution by Total Score
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Level Frequency Distribution Chart and Frequency Distribution

2003 - Numbers of students Course One: 1736
tested:
Course One 1999 and 2001
Level|% at ('99)| % atleast % at ('01) | % at least
('99) ('01)
1 37% 100% 22% 100%
2 43% 63% 62% 78%
3 13% 20% 15% 16%
4 7% 7% 1% 1%
Course One 2002 - 2003
Level|% at ('02)| % atleast % at ('03) | % at least
(02) (03)
1 18% 100% 66% 100%
2 61% 82% 29% 34%
3 20% 22% 5% 6%
4 2% 2% 1% 1%
1200 1
1150 1
1100 1
1050 4
1000 A
950 A
900 A
850 A
800 A
750 4
- 700 4
E 650 4
“é 600 -
o 550 4
* 500
450 1
400 A
350 4
300 A
250 4
200 4
150 4
100 1
50 1 -
07 0-12 13-21 22-28 29-40
1 Minimal Success 2 Below Standard 3 At Standard 4 High Standard
Frequency 1139 501 12

Course One - 2003




Vacuum Cleaning

Student Task

Given aradius, make an arc to show area covered by a vacuum
cleaner. Useinformation about furnitureto draw areas

accessi ble to vacuum cleaner and uncleaned area on a scaled
diagram.

Coreldea4
Geometry/Meas.

Understand measur able attributes of objects; develop
mathematical arguments about geometric relationships.
Solve problems that involve measurement wits and scale
factors. Use geometric models to gain insights into, and
answer guestions in, other areas of mathematics.

Coreldea?
M athematical
Reasoning

Show mathematical reasoning in a variety of ways including
words, numbers, symbols, pictures, charts, graphs, tables,
diagrams, and models.

Draw reasonable conclusions about a situation being model ed.

Course One — 2003




Vacuum Cleaning

This problem gives you the chance to:
* draw and identify accessible regions in a practical context

Vacuum
cleaner

José wants to vacuum his bedroom floor.

Door Wall socke l. A

™~
~N

Wall
socket B

Bed

0 2 4 6 8 10 12 14 16
Scale (in feet)

The vacuum cleaner has a cord that is 10 feet long; it can be plugged into the wall in
two places, at wall sockets A and B. José does not move the bed or lift the cord when he
vacuums his room.

On the diagram above, outline the area of the floor that José can vacuum using wall socket
A. Label this area with the letter A. Then outline the area that José can vacuum using wall
socket B. Label this area with the letter B.

Label with the letter U the area of the floor that José cannot clean using either wall socket.

Publubed by CTBMeGraw-Hill LLC. Copyright © N3

by Mathematics Assessment Resource Service. All rights reserved. Page 1 Vacuum Cleaning  Test 9: Form A
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Vacuum Cleaning Test 9 Form A Rubric
The core elements of performance required by this task are:
« draw and identify accessible regions in a practical context o
Neclion
Based on these, cradil for specilic aspacts of parormancs should be assignad as fallows: Poinis Paints
Correctly identifies and labels vacuumed areas on the diagram:
Do Wall sockel A
Wall
socket B \
B U
1T 17171717 17 17T 17T 17T 17T 17T 17T 1T T1TT"7]
i} 2 1 12 !
Scal eel

Quadrant shown, center A radius 10 feet labeled AL 1

Arc shown, center wall socket B radius 10) feet 1

and

Quadrant shown, radius 4 feet center corner of bed (as shown);

this total area labeled B. 2

Uncleaned area correctly identified. fallow follow thiough) 1ft

5
Total Points 5

shghis rescrved Page 1
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L ooking at Student Work —Vacuum Cleaning

Vacuum Cleaning provides the opportunity to uncover severa important
mathematical understandings. The work of Student A appears to show the use of a
compass with an understanding that mathematics should be done accurately and the
ability to choose an appropriate tool. Student A delineates the overlap between
regions A and B. In thinking about B, Student A understands that the radius of the
circle will change when the vacuum cord reaches the end of the bed.

Student A _
Dioor I Wall socket A
Ny j l
~N/
.
1!
Wall 5 ; 1 &
~ Ve e
|E AT R
T 1T T 11T fF 1717 £ T 17T 17 @ [T
O 2 4 G B i 12 14 11}

Scale (in feet)
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Student B does not use a compass, but demonstrates measurement in choosing the end
points for the arc on A and choosing the horizontal extension for B. The student also
acknowledges the overlap of the two regions. Student B understands that the cord
actsas aradius for acircle and that within the context the area cleaned will be the area
within the arc of the circle. The student does not account for the effect on the cord
when turning the corner at the end of the bed.

Student B
Droor . Wall sucket-ﬂ

™N / ‘"\x i

;[B!: - —y
-
'xh
L A
T 1 1T 7 rrrrr-T°©§t 17T 17 1771
LH 2 4 a B 0 12 14 i6

Srala fin Feat
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Student C understands that the cord will act as the radius of acircle. The student is
not accurate with measurements. While the intersection on the vertical axisfor A is
located correctly, the intersection on the horizontal axisis at 9 instead of 10. Further
questioning might reveal if the student is measuring by counting spaces between
points or counting points along the grid. 1n section B the student has correctly
identified a point on the horizontal line from B which should mark the limit of the
cord, but appears to account for the effect of the bed on the radius. However on
closer inspection the arc isdrawn asif B were in the top left corner instead of being
drawn from point B.

Student C
ruciw LOMBCLETHEDNE A
. . F T H ; il
4} Q?M j'j'. "-:l"l ":‘ "r'd"| L 3 .-ﬂ-c -I!L ‘-"l-.' -A:. -"'1;..--"!!:‘-
| Dly, Iy «Qm:. T Alal Al el £ Ala [ada
0 g, lay 13 [0y ‘H'"jr- Alg] Mal b4
O i I s N Rl N o LR L
[Pk [mloly] vl s %7 MRIEE
A [P B iy [l | e Noal
I PR R P S ol a]f [
=1 %] ey 4, | #1 Ay | e e Al p: A A
N |[ i sl A
E r) [ E':'-,.' L L L) T A
]
E J a8 vl o ey TRiag
:E L Hi"—:_ff:; U L u - . el L
: \ vl | e e v L |
17" 17" I 17T 1T 1T 7T 1T 1T T 1 1T 1 {
2 4 & g 10 12 14 16
Eacala (et trieg)
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Many students do not have a clear understanding of the cord acting as a radius or how
the bed effects the areas cleaned. Student D seems to be struggling with the shape of
the area. For A the student attempts to draw an arc, but for region B there is evidence
of an arc but as stronger indication of making a rectangular region. Student D does
not see the cord as being flexible and able to turn downward at the end of the bed.
Within the solution preserted, measurements are accurate.

Student D
Door . Wall socket A

_FE S s i RN R RiE 2 TN
T ) ATh

1

5

4_::
i ! |
- I LS, e | l'
f waki
[ :
Bed = W
D 3
P
rT T T T T T T T 7T T T T
1] 2 4 ] B 16 12 4 16

Srale fin faot)

Some students seem to be handicapped by lack of tools or not choosing to use a tool
to solve the problem. Student E has made accurate chooses for end points for the arc
on A, identified accurately the length of the horizontal radius from point B and shown
correctly the effect of the bed on the radius. The student’s solution is flawed by the
inaccurate estimate of the upper arc for region B.

Student E al sockein
VAN
v “‘\\f“ d 1—\
iy BN YN
i, PN W v
L¥D N I
W SN Y
Wl P N \\V
cket Bg— . i( !
L B REER
Bed o
] I £ 1]
o / LA A
T T 1T 1 T 17 1771771717111
1] 2 4 13 3 10 12 14 16
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Many student solutions did not use the cord asaradius. Their solutionsinvolve
filling in whole squares. Student F measures the correct end points for A of the outer
grid and the horizontal length from B, it shows the overlap area, and turns the corner
at the bed. The region chosen for B appear to come from (0,0) on the grid instead of
the actual location of the point B therefore creating an uncleaned area in the upper
portion of the diagram.

Student F
Thoar WALl BOCKECL A
AR,
TN TN
l .IJ-—\\
a0l 3 ‘L)—*
W ,'\ .
wall ' !
ockei B— .
' b AL g
— Bed - w1
T 1 T 11 11T 1 15111171
(L_ 2 4 6 ) 10 12 14 16

Student G is starting to think about the reach of the cord as it sweeps around from the
starting points. The thinking is not yet solidified into the mathematical notion of an
arc. Some points in the diagram show use of measurement.

Student G
StudentG_ "
Door . Wail socket A
T A P

e T
A\ i
. o

1 A

NP
Fi

|:| Bed !\\_ 7

0 2 4 ] B 10 12 14 16 .
Scale (in feet)

ES

|3
RS

&
£
—000
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Research shows that U.S. students are weak in measurement. Student H shows a
diagram with no use of measurement in thinking about the solution. Region A might
show some indication of thinking that could lead to an understanding of arc, whilein
region B the student still appears to be thinking in square units.

Student H
IS T0 VACKLIED [IES UGLY LRASLL LIV » - e
Door . Wail socket A
~
1
ket B
k|
\
D Bed '
IIIIIIIIIIIIIIII
E 2 4 6 8 i0 12 14 16
Scale (in feet)

A few students are not thinking of areas cleaned. They seem to be thinking of the
reach of the cord as a straight line. Student | shows a line segment drawn horizontally
from point B. The student does not account for the difference in length for a diagona
and so inaccurately draws the length of line segment from point A.

Student |
INE)
~/
= o
- —
1: Bed
T 1 T 1t 15111171
é. ! lg ! 4 6 g 10 12 14 16

Scale (in feet)
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Frequency Distribution for each Task — Grade 9
Grade 9 — Vacuum Cleaning

Vacuum Cleaning
Mean: .78, S.D.: .85

1000 -

800 -

600 -

Frequency

400 A

200 A

0

O Frequency

672

912

56

72

17

Score

Score:

0

1

2

3

5

% <=

38.7%

91.2%

94.5%

98.6%

99.0%

100.0%

% > =

100.0%

61.3%

8.8%

5.5%

1.4%

1.0%

The maximum score available for this task is 5 points.
The cut score for alevel 3 response is 3 points.

Many students (approximately 61%) could correctly identify the uncleaned area of the
bedroom. Less than 10% of the students could meet the other demands of the task.
Over 38 % of the students scored no points on this task. Approximately 80% of those
students with a score of 0 attempted the problem.

Course One - 2003 pg. 13



Vacuum Cleaning

Points

Under standings

Misunder standings

0

While almost 40% of the students
scored no points on this task, most

of them were willing to attempt
the problem.

About 70% of all responses used
regions composed of whole squares
instead of regions made by arcs.
Almost 32% of the papers with some
response showed no use of
measurement for any of the
dimensions or end points. Over 8%
of the students drew straight lines to
represent the cord instead of filling in
aregion.

1 Students could identify the Almost 27% of the students did not

uncleaned area of the bedroom. think that region B turned the corner
in any matters when it reached the
end of the bed.

3 Students could correctly identify Students could not correctly interpret
the end points for the arc and draw | the effect of the bed on the cord.
inregion A. Students could draw | They generdly kept the arc the same
in the upper arc for B. Students for the upper and lower regions of B.
could identify the uncleaned area. | Some did not turn the corner at the

end of the bed and a few drew the arc
asif B were in the upper left corner of
the grid.

5 Students understood that the

vacuum cord acted as the radius of
acircle. They could measure
accurately the endpoint for the arcs
using the grid. Students

understood that the end of the bed
would change the length of the
radius for B from 10 to 4 and
correctly drew in the appropriate
arc.

Teacher Notes:
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Based on teacher observations, thisiswhat Algebra One students seemed to know and
be ableto do:
- Understand the basic relationships between the approximate spaces cleaned by
A and B, in order to identify the approximate location of the uncleaned area.
Demonstrate some use of measurement in making their diagrams.
Recognize that a cord from B will be able to clean some part of the space
around the end of the bed.

Areas of difficulty for Algebra One students, Algebra One students struggled with:
Identifying the cord as a radius and drawing arcs.
Use of accurate placement of all end points.
Identifying the change in radius caused by the bed.

Questions for Reflection on Vacuum Cleaning:

Do students in your classroom have access to compasses? Are they expected
to provide their own or are they available for use as needed? How many of
your students' papers showed evidence of using a compass?
What are your classroom norms around measurement? Do your students
know when measurement reeds to be accurate and when approximations are
appropriate?
Look carefully at student work. Did their arcs meet at intersections or were they
“just in the general vicinity”? How many of the students located the following

points.

End point for | End point for | End point for | Good Correct lower
A ontheright | A onthe cord B approximation | end point for
vertical edge | upper extended for upper B
of the grid horizontal horizontally extension of

edge of the frompoint B | acB

grid

While only afew stude nts drew the cord as aline, many of those who did
showed a lack of understanding about the length of measuring diagonal lines?
Did this seem to be a problem for any of your students?
Many students did not interpret the cord as a radius. What holes in their
mathematical experiences might have led to this misunderstanding or lack of
transference? If you gave this problem in the future, what questions might you
ask to push their thinking and help them discover this relationship? Would
you make string available when you posed the problem originally?

Teacher Notes:

Course One - 2003




Implicationsfor Instruction:

Students need more experience with measurement and using appropriate

mathematical tools. Students need to have practice making sense of diagrams and
making their own diagrams as an aid to problem solving. Students need more
experience applying mathematics in problem-solving contexts or in contexts different
from the problem sets in standard textbooks. This allows teachers to check for deeper
understanding and the ability of students to transfer knowledge.

Teacher Notes;

Course One — 2003 pg. 16



Snakes

Student Task | Read and interpret scatter plots. Locate points on a scatter plots to
identify which scatter plot best fits the coordinates or values
given.

Coreldeas Understand the relationship between two sets of data, display

Data Analysis such data in a scatterplot, and describe trends and shape of the

plot including correlations and lines of best fit.
Make inferences based on the data and evaluate the validity of
conclusions dawn.

Coreldea?2 Show mathematical reasoning in a variety of ways, including

M athematical words, numbers, symboals, pictures, charts, graphs, tables,

: diagrams and models.
Reasoning Draw reasonable conclusions about a situation being model ed.

Course One - 2003




Snakes

This problem gives you the chance to:
= interpret scatter plots and identify values that fit

Rita is a zoologist. She is studying two species of snake.

Rita measures the head length and the total length of some snakes of each species.

She records the measurements on two scatter plots, as shown below.

Species A
[
- 5
7 2 L 4
S
£ 4 * ¢
-]
E 3 *o 0
=14
g 2 'S o o
=
-]
21 . .
X
0 10 20 30 40
Total length (in inches)
Species B
6 L . g
7 5 *
% 4 L g
=
: s
S 3
z
22 * e
E
S 0?“
0 10 20 30 40
Total length (in inches)
Published by CTEMeGraw-Hill LLC. Copyright © 2003
by Mathensatics Assesanent Resource Service, All ights reserved. Page 2 Snakes

Course One — 2003

Test 9: Form A
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Rita catches 5 more snakes.
She wants to know whether they belong to species A or to species B.

The measurements of these snakes are shown in the table below.

Snake | 2 3 4 5
Total length (in inches) 36 39 9 16 18
Head length (in inches) 6 ) | 0.5 1

Use the scatter plots to decide whether these snakes belong to species A or species B.

Record your answers in the table below.

Snake 1

ra
L
=
tn

Species

_— Page 3 Snakes  Test9: Form A
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Snakes

Test 9 Form A Rubric

The core elements of performance required by this task are:
* interpret scatter plots and identify values that fit

Section
Based an thess, cradil tor specilic aspacts of parormancea should be assignad as fallows: Poimis Points
Correctly completes the table:
Snake 1 2 3 4 5
5 e . .
Species B A A B B 5% 1
bl
Total Points 5

Page 2

Ofrrr_ADIBAN 22000 Jesslinal crssrArisla

Course One — 2003
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Looking at Student Work — Snakes

Most students did very well on this task with amost 53% scoring all the points on the
task. Their work however provides no insights into their thinking process, as most of
them show no marks on their papers except filling in the letters in the table as shown
by the work of Student A below.

Student A

i 2 3 4

Saake 5
sedes | > [ Q] B

—

In thinking about this task, students might have located the point on both graphs to
look for reasonableness, labeled points aready on graph to use for comparison (see
work of Student B), or attempted a line of best fit to use for comparison (see work of
student C). Only 3% of the students showed any marks on their paper beyond
responses written in the table.

Student B

Rite measyres the head length and the wtal length of some snakes of each spncu;s

TUHEISE o

6 NEREEINERNY

e

&7 T
P 3 - T N

'\\ . -‘-k—.-_

F T

w

ngth (in inches)

Headi be
— (%

. I
' B
L1
14 0
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Student C

Species A

]
E 5
s -
Z: 44641
]
g2 * <
3. B
0 10 20 30
Total lkngth {in inches)

Approximately 8% of the students filled in the table with numbers instead of letters.

See the work of Students D and E.

Student D
i respuestas en 1z tabla siguiente.
Serpleate| 2 3 4
e | G | 7 1 8 | ¢
Student E
Snake 1 2 3 4
Species | S 5 K |

Teacher Notes;

Course One — 2003
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Grade 9 — Snakes

Snakes
Mean: 3.21, S.D.: 2.00
800 1+

600 -

400 ~

Frequency

200 A

0

O Frequency

396

19

147

170

274

730

Score

Score:

0

1

2

3

4

5

<=

22.8%

23.9%

32.4%

42.2%

57.9%

100.0%

% > =

100.0%

77.2%

76.1%

67.6%

57.8%

42.1%

The maximum score available on this task is 5 points.
The cut score for alevel 3 responseis 3 points.

Most students (approximately 78%) could successfully identify the species of at least
one of the snakes, usually 1 or 5. More than half the studerts could identify the

species of 4 or more of the snakes. 42% of the students met al the demands of the
task. Almost 23% of the students scored no points on thistask. 52% of the students

with scores of zero did not attempt the problem.

Course One - 2003



Snakes

Points Under standings Misunder standings
0 Almost 30% of the students scored | 8% of all students used numbers
no points on thistest. 48% of those | instead of lettersto fill in the table.
students attempted the problem. Only 3% of the students showed
any of their thinking by making
marks on the graphs. Therefore
evidence for analyzing error
patterns or reasoning is lacking.
1 Students with this score could
identify the correct graph for Snake
5.
2 While there were a variety of
correct combinations for this score,
the most common pattern was to
identify snake 1 and 3.
3 Students could identify 3 snakes.
They were more likely to identify
combinations including 1 and 3 and
less likely to have a combination
including either 2,4 or 5.
4 Students with this score could The most common error was snake
identify the species for 4 out of the | 4, followed by snake 5 or 2.
5 snakes.
5 Students could read, interpret, and

compare scatter plots to use data
from atable to identify the species
of a snake.

Teacher Notes:
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Based on teacher observations, thisiswhat AlgebraOone students seemed to know
and be ableto do:

Read and compare scatter plots.

Correctly locate points on a grid.

Interpret graph of best fit for information from atable.

Areasof difficulty for Algebra One students, Algebra One students struggled with:
Attempting problems for which they were unsure of the solution.
Interpreting relationships and fits for values that did not exactly fit the points on
the grids.

Queﬂlonsfor Reflection on Snakes:
What experiences have students had this year with interpreting scatter plots?
When looking at data on graph, do you frequently ask students to describe trends
or to look for correlations? Give some examples students have had this year in
problem solving with data.
What are your classroom norms for showing thinking when doing problem
solving? Do you have any conjectures about why more students didn’t use the
grid to help them make the comparisons?
What percentage of your students did not attempt the problem? What are some of
the factors that may have contributed to this?

Teacher Notes;

I mplicationsfor Instruction:

Students at this grade level should be familiar not only with plotting points and
making scatter plots, but should see the pur pose and usefulness of scatter plots for
looking at trends, making predictions, modeling situations, and solving problems.
Students at this grade level aso need to fed that their thinking is important and feel
comfortable about showing their work and have the confidence in their mathematical
thinking to attempt unfamiliar problems.

Teacher Notes:

Course One - 2003 pg. 25



Crisscross Numbers— MAC Core ldeas

Student Task Investigate number patterns on a hundreds chart. Describe
rules or patterns in words or symbols. Use agebrato prove
why the rules hold true for all cases.

Coreldea3 Represent and analyze mathematical situationsand

Algebraic structuresusing algebraic symbols.

Properties and
Representations

Use symbolic algebrato represent and explain mathematical
relationships.

Judge the meaning, utility, and reasonableness of results of
symbolic manipulations.

Use symbolic expressions to represent relationships arising
from various contexts.

Course One — 2003
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Crisscross Numbers

This problem gives you the chance to:

* use algebra to explain number patterns in a number square

Pauline is investigating relationships between numbers in a 10-by-10 number square.

She is using a crisscross pattern with four numbers. An example is shown on the

number square below.

7
17

27

37

47

i1 2 3 4 5 6
11 12 13 14 15 16
21 22 23 |24|25 (26
31 32 33 34 36
41 42 43 (44|45 |46
51 52 53 54 55 56
61 62 63 64 65 66
71 72 73 74 75 76
81 82 83 84 85 86
91 92 93 94 95 96

57
67
77
87
97

8
18
28
38
48
58
68
78
88
98

9
19
29
39
49
59
69
79
89
99

10
20
30
40
50
60
70
80
90
100

Pauline adds the pairs of numbers in the diagonally opposite corners of the pattern.

1. What do you think she notices?

2. What rule could Pauline make?

I'll see what happens
if I move the pattern.
I wonder if I can make
arule.

Publashed by CTEMcGraw-Haill LLC. Copyny

by Mathematies Assessment Resource Service

Course One - 2003
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3. Use algebra to show why the rule always works.

Leon multiplies the pairs of numbers in the diagonally opposite corners of the pattern.
24 X 46 = 1104 26 % 44 = 1144

He finds the difference between his two answers.
1144 — 1104 = 40

4. Investigate what happens when he moves the pattern to a different position.

5. What rule can Leon make?

6. Use algebra to show why the rule always works.

reserved. Page 5 Crisscross Mumbers  Test 9: Form A
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Crisscross Numbers

Test 9 Form A Rubric

The core elements of performance required by this task are:
+use algebra to explain number patterns in a number square

Section
Based an thess, cradit for specilic aspacts of parlormancea should ba assignad as fallows: Poimis Faints
1. Shows that: 24 + 46 = 26 + 44 =70 I
or or
States that both answers are the same. I
1
2. Gives a correct answer such as:
The sum of the numbers in the diagonally opposite corners are always the same,
twice the number in the center of the cross. 2
Accept alternative correct rules.
Partial credii:
Gives a correct but incomplete explanation. (1
2
3. Shows work that supports student’s rule such as:
rHx+22)=+2)+{x+20)=2x+22=20x+ 11) 2
Accepr alternative corveci proafs.
2
4. Gives correct answer as:
For at least one different position. shows that the difference between the
two products is always 40, 1
1
5. Gives correct answer as:
The difference between the two products of the numbers in the diagonally
opposite cormners is always 4(0. 2
Partial credil:
Gives a correct but incomplete explanation. (1
2
6. Shows work such as:
20+ 200 —x(x +22) =2 + 220 + 40 — ¥ - 22r =40 2
Accepr alternative corvect proafs.
Allorw partial eredit for a correct equation. (1)
2
Total Points 10

Fublishd b
by M

Page 3

09rmr_AD3EAMe2/20/03==linal cxe=Afsla
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L ooking at Student Work — Crisscross Numbers

Students struggled with Crisscross Numbers. In the 150 sample papers examined for
the toolkit, there were no scores above 6. Student A shows work of atypical 6. The
student correctly identifies the patterns, but does not use algebra to show why the
patterns work. Most students attempted to prove their conjectures by giving

numerical examples.

Student A

1. What do you think she notices?

Yo 'H-\a_\if Btk

2. What rule could Paoline make?

10 jou dan he. e il Ky
L pethh  cAlet you Lol nk‘mm?fg Qmi_-}g__&gﬁh
;mqwu:.cqu:lam ) Page 4 Coimmcrons Nabees  Toal9: FormiA
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Student A

70 Y -
sy e 0
O
70 7
lmnmu]ﬁplicsttEpairsot’numbm-sinmediagonaﬂy apposite corners of the patem,
30
24 % 46 = 1104 26 ¥ 44 = 1144 - »,q’é,"_
, -
e finds the difference between his twi answers. I (FSZSD ]
1144 = 114 = 40 : LT -

e
4. Investigate what happens when he moves the pattern 10 a different posiion.

e ~2uf = D
5. What rule can Leon make?

U had QLI M'..J-‘f.r!:f?{ oo g Srd e dlexoace
Wl Ckl‘.mo-?'é b, Wi,

[ I
§. Tlse algehra 1o show why the rule always works.
1O 20
X 113 L. SE\
oo L ud
Xl
780 0

780740 =0 m

Student B is another example of the work with a score of 6. This student uses letters
to help clarify the parts of the crisscross and make the rule crisp. Student B’ s proof is

using numerical substitution to prove a specific case. Algebrais not used to justify

the genera rule. 70% of the students with scores higher than zero used proof by
numeric example.
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Student B

11 12 13 .14 15 13.1? 8 19 20
21, 22"
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Pauline adds the pairs of numbers in the diagonally opposite comers of the parerm.

1. What do you think she notices?

llseewhnthap]ms D

:"E" rg
2. What ruls could Pauline make?
O =l 5 ed0ein L 3R O O DG 3 S IeinR o) CUe
mmﬂmupxom AW s o Walliat 1§ 2k < SR \/ Q/_

e = Ce e Tnd T B &
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- 3. Tse algebm to show why the rule always works.

D= 24 O = 1Dl
Cor 2 AR TR ,
‘O L%  LaAdvield wtameiae) X

d* AL o =R S

: mwh pa:rs of outnbers in the diagonally opposite comers of the patiern.
24 X 46 = 1104 26X 44 = 1144
- He fimnds ﬂudiﬁ’:r:nce berween hiz hwe answers.
1144 — 1104 = 40

'2‘ " ._.‘_-:
" - 4. Investigate what happens when he moves the pattem to 2 different position. \/ ,

a “6 Eise algebra to show why the rule always

o 8 D~ = Al '
Wbl A o

ey L} {28\ -EF5

Qe iy ' _ 13- 240240 i X O
A Au__w .

Very few students attempted to use algebra to solve the problem (less than 5%).
Those who did tended to use more than 2 variables. They did not use a single variable
to help describe the relationships between the numbers in the crisscross. Student B is
one of thefew ableto quantify the relationship of the four corners.

Student B

1.1"—"11,,:'_".‘ e R L

e faaed) = B {n130)
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Some students found alternate patterns or noticed unrelated attributes. Student C
notices that the center number is half the sum of either diagonal. The student uses a
numerical exampleinstead of algebrato prove the rule. Student D notices that the
ones digitsin any column are the same. Student E makes the common observation of
noting the sums are even. Other aternate patterns are to note the differences between
diagonal corners are 18 ard 22.

Student C
1. What do vou think she notices?
- m‘é ki equal 7O, D€ Snad oumior oq 2 ®

Qq‘umls, o nueleey Jt'ne\ﬂ CYphes. . ' L

L —

3 Usge ﬁ]gﬂbﬁl 10 show why the mule always works.

- =2, I+ '1"5_

. 1- )
12\viz2z123 2

= Vi

Student D _
ebra to show why the rule always works.

G oumd ot S L
Ja-a#"-l
| F2fr

Student E

3. Use algebra to show why the role always works.

’ﬁmﬂ, e all ﬂ.'.v'n,m:'ta”.ﬁ ]pq L
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Alternate observations in the multiplication pattern are to note that the products are
different without an attempt to quantify that difference (see Student E) or have

computational errors prevent finding the pattern (see student F).

Student E
Bt The dimw“s dont eganfu’%maf
e

ebra to show why the rule always works.

bead

Student F
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1144 — 1104 = 40

2 4
4. Investigate what happens when he moves the pattem 10 a ifferent position. { 57 | v
) Y-
5. What rule can Leon make? s : :,T?-
Anak 0NN NGu add Ao Loy
COne Y e Sumne B o A
NOS WA YW Mo a1 el
| p0s ook Yo ol \iole M .
| 6. Use algebra 1o show why the rule always works.
ERe }és
o g EC
=4 e -5z ¢
ﬂ O >ad
¢ WS 2g0 T
- 36 7 90
2n ol
- i G &3 T
M>{ S =7
<. = 62?@ ﬁ-%?‘fc
VI oK
:"Wuw;m _u_-_]._rjtr.—r
Ry m il 3 Papa & Crisstrens Numbaes Tm‘_‘m.ﬂ

'Gréde 9 — Crisscross Numbers
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1200 A

1000 1

800 -

600 -

Frequency

400 ~

200 A

Crisscross Numbers
Mean: 1.31, S.D.: 1.89

0

10

O Frequency

957

97

175

92

Score:

0

1

2

3

5

6

7

9

10

0/0<:

55.1%

69.6%

75.2%

85.3%

90.2%

94.2%

99.5%

99.7%

99.9%

99.9%

100.0%

% > =

100.0%

44.9%

30.4%

24.8%

14.7%

9.8%

5.8%

0.5%

0.3%

0.1%

0.1%

The maximum score available on this task is 10 points.
The cut score for alevel 3 response is 5 points.

Less than half the students (approximately 45%) could identify that adding the
numbers on the diagonals of the crisscross gave you a sum of 70 or the same sum.

About 25% of the students could make both of those observations. Less than 1% of

the students used algebra appropriately to describe the relationships of the numbersin
the crisscross or to prove why the rules held true. 55% of the students sored no
points on thistask. Of those students with a score of zero, approximately 59% made
some attempt at solving the problem. Of the remaining 41% who didn’t try this task,
33% made attempts at one or more of the later tasks on the test.
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Crisscross Numbers

Points Under standings Misunder standings

0 Approximately 55% of the About 80% of the students who
students scored no points. A didn’t try the problem, did work on
little more than half of those some further section d the test. For
students attempted the task. students who attempted the task,

errors included noting that the final
digits (11%) were the same or that
the sums were even (23%). Others
might state that there was a pattern,
but not identify what it was.

1 Students with this scorewere | Students may not have explored
able to do question one. They | other crisscrosses and thought all
knew that in the given sums would be 70. They may have
example, both sums were 70. made computational errors.

3 Students with this score knew | Students used numeric examples to
that the sums of the diagonals | prove their rule instead of using
inthe given examplewere 70 | algebra as suggested in the prompt.
and that for any crisscross the
sums would be equal.

5 Studentswith thisscorecould | Students did not show evidence that
identify that in the sample they checked other crisscross
crisscross the sum of the patterns to see if the products aways
diagonals was both 70, that had a difference of 40. They don't
when the design ismoved the | understand that one example is not
sums will always be equal, and | enough proof to make a general rule.
that the difference between the
productsis aways 40.

6 Studentsin this category Students did not use agebra to prove
showed evidence of testing the | why they rule works. If they used
difference of the products on at | letters they were multiple and did not
least one other case. express the relation of the numbers

to each other. They don’'t understand
the importance of using one to
quantify relationships between
differert parts of a problem.

7-10 Students could make some

appropriate use of algebra and
variables to quantify
relationships between numbers
within the crisscross or prove
why one or both rules would
work for al locations of the
CriSSCross.
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Based on teacha observations, thisiswhat Algebra One students seemed to know and
be ableto do:
Calculate sums of diagona numbers on a grid.
Recognize that the sums would remain the same if the design was repeated
elsawhere on the grid.

Areasof difficulty for Algeb ra One students, Algebra One students struggled with:
Understanding that specific numeric examples are not a proof or justification for a
rule.

Recognizing that the numbers in the crisscross could be described using one
variable.
Using algebra to prove why a rule works.

Questlonsfor Reflection on Crisscross Numbers:
Students start identifying odd or evenness at primary grades. What experiences or
problems have your students had this year that help them identify patterns? What
kinds of questions do you ask to push them to looking for more complex patterns
and relationships? What level of proof or evidence do you expect from students to
justify their rules or relationships? Do you students get enough variety of pattern
problems to be on the look out for counterexamples?
What do you think your students understand about variables? From reading
through these problems, do they think it solely stands for a missing number or do
some of them seem to understand that it can be used to describe relationships
between parts of a problem? Do your students ever get the opportunity to discuss
whether a problem can be solved with only one variable and what the advantages
might be for doing that?
Do students get opportunities to use their skills at symbol manipulation to prove
statements or conjectures? What are some of the problems that students have
done this year that might help them build skills in using algebra to make proofs?
Where might be good places in the curriculum to interject this types of problem-
solving experiences?

Teacher Notes:

Implicationsfor Instruction:

Part of learning algebrais gaining the appreciation of symbols to quantify
relationships and using symbols and knowledge of the number system to prove
conjectures. Students need to gain a deeper understanding of variables and their use
to solve problems. Students need to be pushed to use their ability to manipulate
symbols to solve problems. Students need more experiences with problem solving,
looking for patterns, and making proofs. Discussions about how many variables are
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needed for given problems give students the opportunity to think more deeply about
the purpose of variables and see their usefulness.

Conference Tables— MAC Coreldeas

Student Task Find and extend patterns in a geometric context. Use inverse
relationships to solve problems. Describe arule or write a
formula to explain how to find any number in the pattern.

Coreldeal Understand patterns, relations, and functions.

Functionsand Generalize patterns using explicitly defined functions.

Relations Understand relations and functions and select, convert

flexibly among, and use various representations for them.

Coreldea3 Represent and analyze mathematical situations and

Algebraic structuresusing algebraic symbols.

Properties and

Representations |

Use symbolic agebrato represent and explain mathematical
rel ationships.

Use symbolic expressions to represent relationships arising
from various contexts.
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Conference Tables

This problem gives you the chance to:
« find and extend a number pattern in a practical geometric context
¢ find and use a rule or formula

The Conference Company supplies tables for conferences. -
Each table is a rectangle. .I:I'
Each table can seat one person at its short edge and two people -

at its long edge.

The diagrams below show how these tables can be arranged for different numbers

of people.
No one sits inside the arrangements.

¢ TP d b
— T

wwvw v vV Vew
Size 1 Size 2 Size 3
4 tables 6 tables
12 people 16 people
. How many tables are in a Size 3 arrangement? tables
2. How many tables are in a Size 7 arrangement? tables

3. Write down a rule or formula for working out how many tables there are when you know

the size number.

R— Page 6 Conference Tables  Test 9: Form A

Course One - 2003 pg. 41



4. Find the number of tables needed for a Size 13 arrangement. tables

5. How many people can sit at a Size 3 arrangement? people
You may find it helpful to use the diagram on the first page of this problem.

6. How many people can sit around a Size 6 arrangement? people

7. Write a rule or formula for finding the number of people who can sit at
a Size s arrangement,

8. What size arrangement is needed for 72 people?

Page 7 Conference Tables  Test 9: Form A
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Conference Tables

Test 9 Form A Rubric

The core elements of performance required by this task are:
«find and extend a number patiern in a real life geometric context
+find and use a rule or formula

Based on these, cradit for spacitic aspacts of padormancs should ba assigned as tallows:

Points

Section
Pisimis

Crives correct answer as:

8 tables

Giives correct answer as:

16 tables

Crives correct answer as:
T =25 + 2 (or equivalent)
or

The number of tables is twice the Size number plus 2.

(rives cortect answer as:

28 tables

(rives correct answer as:

20 people

[i%

Giives correct answer as:

32 people

Grives cortect answer as:

P = 45 + 8 (or equivalent)

or

The number of people is four times the S1ze number plus 8.

Accept: The number of peaple is iwo fimes the number of tables plus 4.

Crives correct answer as:

Size 16

Total Points

10

Page 4

0Sme_ADIBANMe2/20/03inal cxe=Amnsla
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L ooking at Student Work — Conference Tables

Students seemed to have good access to this task. It gives students the opportunity to
solve a problem using a variety of strategies. Student A met all the demands of the
task. Student A appears to use the first number in each sequence and as constant and
then use the rate of change of change as a factor to multiply by a variable expression
using size number. The student may be just testing variable expressions to fit the
numbers in the chart or may be using a visual model to derive the variable expression.

Student A
| W B W
‘l b ll :
| |
q I' | t |'
L - v v
Size 1 Size 2 Size 3
4 tables G tables
12 people L6 people
, 1. How many tables are in a Size 3 arrangement? H tables
r 2. How many tables are in a Size 7 arrangement? liz tables

3. Write down & rule or forrmula For working ot how many tables there are when you know

the size nuoinber.
Q/ We koo thad o Vofyun A fable il She xS 1okl .fm' w"vwlj
i1 o wo 4 +£{'x—i'h {garln gire et dqim-rd' ;?,‘l&JaIqu]
|
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m--ﬁ&ﬁmdmﬁmwa Size 13 aangement. 24 . tables |

5. How many people can sit at a Size 3 arrangement? 40 ——people |
You may fiind H helpful to use the diagram on the first page of this problem. -

¢. How many peopic can sit aroung a Size 6 arrangement? Al peaple '

7. ‘Write a rule or formula for finding the number of people who can sit at
& Size 5 aTARgEmEDL

W low Sl dvowt 13 -I'Jrrrli'lL o, coll Sie x 'Fx.-..'rir vr tack Sid

o dacky siar rfh‘#r_rmﬂ' Hy rpxt Qe A ?w_u{JL

Wr ok Y= 2+ & {1 2

8 What size amangement is necded for 72 people? G "

Looking carefully at the work by the table drawings. Student B appears to be using
the numbers in the informal table to test for arule. This student is most likely looking
at the number patterns. Student B does applies the algebraic rule to solve for the
inverse relationship in part 6 of the task.

e e
o U

Size | A Size 24+ B Size3 4.8
4 tables 6 tabies B Snegy
12 people 16 peaple 2
1. How many tables are in a Size 3 arrangement? 8 I tables
2. How many tables are in a Siz¢ 7 amangement? Ao | mbles

3. Write down a rule or formula for working out how many tables there are when you know
the size mumber.

S0 % dAckin®
Y220 PV
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Student B
7. Wi a mie or formuta for finding the number of people who can sit at

a Size 5 artangement.

S0 W, oo o€ ppogd

v o at ' (V
B. What size amangemen is needed for 72 people? _‘KM_J_

4348

&
"'f"““““““f%
b A

PER

Yle=Ts

T

Student C has a formula like the one of Student A, but the labels provided give clues
that the student most likely used avisual strategy. The student probably saw that each
arrangement has four tables in the corners. Then the middle tables are equal to the
side number minus one. There are two rows of middle tables. Getting students to be
able to verbalize what they are seeing, what attributes they are paying attention to,

helps them to use symbolic notation to make generaizations in problem situations.

Student C

3. Wite down a tule o formada for wotking out hew many tables there are when you kmow
the size prmber.
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Some students used a two-step rule for finding the number of peoplein part 7. The
awkwardness of these rules made students resort to a guess and check strategy (see
Student D) or make errors and arrive at unreasonable answers (see work of Student
E).

Student D

plgﬂrfqm]qﬁ_rﬁndmgﬂnnumb:rnfmp]c who can sitat =
agement. | : 2 e

T %
__‘-"**’F“#t— e e WY e agha
e 2.

LA

: wrangement i5 neaded for 72 people?

Size 1S L 5 mOTZ =B ldeyg

gLr 2= LT
L2 2 32427 By

LR $TL N
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StudentE _
e = ) - Tk yao bandl qoY Hﬁmml&lﬂ_b_\gﬁ_ﬁm{. '

?tc?\‘i‘f'i@ w2 Yo Soeomds Vo Siad 0v} vow tomy_genpls R

P
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\ IR oA R .
Sy /.,

8. What size arrangement is needed for 72 people?

gttt = b D
2rigtd = E

Most students who attempted arule wrote arecursive expression. Using this
approach students needed to continue a table (see Student F) or draw a picture and
count to solve part 8 (see Student G). These strategies are cumbersome and often lead

to erors.

Course One — 2003
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Student F

Size 3= T Wbhes= 22 gevihe
siee U= 10 toblegzeu geople
e §o 11 toidens 7b peore

| e -\ Yobless BT peofte
|- .

L aizels lo s ol geBiC
Size € = \§ a0z 10 gofte
Size A= 1040 M mp:e

- UE edofe
Sie 0 21 obles~ Y
qipg 1= 24 ‘obles 5T otk
e 11z T lobies= Sb €y
size VYo 30 dedles = gy ooty

Course One - 2003

5 7. Wriee a mle or formula for finding the nomber of people who can sit at
i
e

ave W inklgs and 32 peoyle-
What size arrangement is needed for 72 peopie?

-
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Student G

Q’& m:m.n.u_'r PSPPI AL 30 SRR G WA L = ' - . . i

1. ma rile or formula for finding the number of people who can sit ar

aSm:zmpmﬂL .
.Mudc‘tﬂﬂ Lour o Wouy e C

?ﬁd&ﬂ# '.ibanFIL.L, \'(\NL/E- o e Y

" B. What size arrangement is needed for 72 prople? &ﬁtﬁbﬁ.&h(
A ---l '

Teacher Notes:
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Grade 9 — Conference Tables

300 -

200 1

Frequency

100 A

Conference Tables
Mean: 4.03, S.D.: 2.76

0

1ol

O Frequency

232

167

211

259

275

184

62

49

74

89

Score

Score:

0

1

2

3

)

5

6

7

9

10

% <=

13.4%

21.1%

30.7%

42.9%

57.8%

73.6%

84.2%

87.8%

90.6%

94.9%

100.0%

% > =

100.0%

86.6%

78.9%

69.3%

57.1%

78.9%

26.4%

15.8%

12.2%

9.4%

5.1%

The maximum score available for this task is 10 points.
The cut score for alevel 3 response is 6 points.

Most students (87%) could count the number of tables in the diagram. Many students
(about 79 %)could count the number of tables and use the diagram to find the number
of people in the diagram for size 3 or count the number of tables in size three and
extend the pattern for tablesto size 7. More than haf the students could find and

extend the pattern for tables for size 7 and 13 and find the number of people in size
three in the diagram. 16% of the students could correctly identify one or both rules

for the geometric patterns. About 13% of the students scored zero points on this task.
More than 80% of those students with a score of zero did not attempt the task.
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Conference Tables

Points Under standings Misunder standings

0 About 14% of the students Time might have been an issue on this
scored zero points. 2/3 of task. Only 20% of the students with
these are students who didn’'t | this score attempted the task.
attempt anything else on the
test.

2 Students with this score could | The most common errors for question
find the number of tablesina | 2 were 14, 18,36, and 12. Each of
size 3 and either exterd the these occurred with about equal
tablesto size 7 or find the frequency. The most common errors
number of peoplein asize 3 for question 6 were no response or
arrangement. 28. Thesewerein aratio of 2/1.

4 Studentswith thisscore could | Students didn’t have strategies to help
find the number of tablesfor | them extend the table pattern to size
size 3 and 7 and the number 13 or to work backwards from 72
of people for size 3 and 6. people to the size number. Lessthan

10% of the students thought to use
drawings or extend atable to help
them solve the problem. The most
common error for number of tablesin
Sze 13 was 26.

5 Students could find the They could not use the inverse
number of tables for various relationships to find the size number
sizes and the number of when given the number of people.
people for various sizes. They are not comfortable with doing

and undoing or working backwards.

6 Students could work with all | Students could not generate a verbal
the numeric relationships rule or formula to express either the
including working backwards | pattern for tables or the pattern for
from people to size numbers. | people. More than 35% of all

students wrote recursive rules for
number of tables and number of
people. They did not look for
functional relationships.

8 Students could find one or Students with this score may have had
both rules, but may have difficulty find the rule for people. If
missed some part of extending | they found arule for people, it was
the patterns. About 24% were | often atwao step rule requiring them
ableto comeup with at least | to find the number of tablesfirst. In
onerule. Most of thoseused | this case many had difficulty using
symbolic notation. their rule to help them solve for size

number when given the number of
people.
10 Students could find and extend patterns. Use inverse relationships to

work backwards. They could generate a rule or formulato describe

the patterns.

Course One — 2003

pg. 52




Based on teacher observations, thisiswhat Algebra One students seemed to know and
be ableto do?

Count tables and people in a diagram.
Find recursive rules to describe a pattern.
Extend a pattern.

Areas of difficulty for Algebra One students, Algebra One students str uggled with:
Working backwards or using inverse relationships.

Generating functional rules to describe patterns.

Teacher Notes:

Questions for Reflection on Conference Tables.
Look carefully at your student work. In attempting to generate rules, how many of
your students made:

Recursive Rule | Verbal Rule Symbolic rule | Alternate Rule | No response
(+2, +4) for People
using # of
tablesinstead
of Sze #

What types of opportunities have students had to look at patterns and generate
rules or formulas? What are some of your favorite problems for developing this
skill? What kinds of questions can you ask to help students see the usefulness of
functiona rules over recursive rules?
When testing for understanding, students need to be asked questions gven various
pieces of information. Do you give students opportunities to work backwards or
use inverse operations? What types of discussions do you have to help students
understand the mathematical principles involved in inverse operations?
When studentsmake errors, thereis often so common (but faulty) logic at work.
Sometimes under standing that logic givesinsight into waysto help further their
mathematical progress.
Look at problem #2. What might be the thinking that would lead a student to
come wp with an answer of 14? 18?7 Or 127
Look at problem #4. Why might a student give an answer of 26?
Look at problem #6. Why might a student give an answer of 14 or 28?
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Answers for question 8 varied immensely, with arange of 3 to 936. What
logic lies behind an answer of 18 or 2887 Are there any other frequent
answers in you student papers?

How does thinking about this logic make you think about questions to ask in
your classroom to help students uncover their faulty logic? What do you think
the big idess are, which underlie their error patterns? What further
experiences do they need?

What are your classroom norms for showing or explaining your thinking? As
you looked at your student papers, could you tell who used visual thinking to
generate rules, who looked at the numeric patterns, and who had a procedure
for building rules from tables? Did you see evidence of students checking
their rules with known numbers to verify that they were correct?

Instructional Implications:

Students at this grade level need to be able to go beyond counting and add on
strategies. They should be looking for and generating functional rules when looking
a pattern problems. Students need frequent opportunities to generate their own
algebraic expressions and use them to solve problems, including inverse operations.
Students should be comfortable with use of symbolic notation and the ability to use
appropriate variables in generating their rules.

Teacher Notes:
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Number Towers—MAC Core ldeas

Student Task

Combine numbers and variables using addition or
multiplication to fill in blanks in a number tower. Use symbol

manipulation to prove why expressions from the number tower
are equivalent to given expressions. Find values of unknowns

in equations.

Coreldea3
Algebraic
Properties and
Representations

Represent and analyze mathematical situationsand
structuresusing algebraic symbols.

Understand the meaning of equivaent forms of expressions,
eguations, inequalities, or relations.

Write equivalent forms of equations, inequalities and systems
of equations and solve them.

Use symbolic algebrato represent and explain mathematical
relationships.

Coreldea?
M athematical
Reasoning

Employ forms of mathematical reasoning and proof
appropriateto the solution of the problem.
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Number Towers

This problem gives you the chance to:
+ form and solve equations obtained from a number pattern

An addition number tower In this tower, each number is the sum of
is shown below. the two numbers just below it.
15 15=5+10
3 10 5=2+13 10=3+7
2 3 7 2 3 7

Marcie makes a bigger number tower:

40

12
=

=
oo

1. Complete the number tower by writing algebraic expressions in the empty boxes.

2. Use the completed number tower to show that 2x + y = 14 and x + 2y = 16.

3. Find values of x and y that satisfy both equations: 2x + y = 14 and x + 2y = 16.

reserved. Page 8 Number Towers  Test 9 Form A
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Marcie also designs a multiplication number tower.

90 QW=6x15

Look at the multiplication tower below.

48

2z+2

4. Complete the multiplication tower by writing an algebraic expression in the empty box.

5. Use the completed multiplication tower to show that 4z + 4z = 48,

6. Find the possible values of z in 472 + 4z = 48,

reserved. Page 9 Number Towers  Test 9: Form A
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Number Towers

Test 9 Form A Rubric

The core elements of periormance required by this task are:
» form and solve equations obtained from a number pattern

Based on these, cradit for specific aspacts of parformancs should ba assigned as follows:

Poimis

Section
Foints

1. Gives correct answers as:
I+ x+pyp+8
All three correct answers: 2 points

Fartial eredit:
Two correct answers: 1 point

[

2. Gives correct answers as:
2+ 2qx+y=16 therefore2y + v =14

x+ 2y +8=24 thereforex + 2y =16

3. (Gives correct answers as:
r=4
.I'. - ﬁ

4. Gives correct answer as:

2z

5. (ives correct answer as:

2z2(2z + 2) = 48 herefore d2° + 4z = 48

6. Gives cormrect answers as:
Z+z-12=10
(z+4)z-31 =1
z=3or 4

FPartial eredit for only one solution.

o

(1)

Total Points

- Page 5

0%rnr_ADIBAMess2/ 200 Jeeslinal cxeseAricla
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Looking at Student Work — Number Towers

Students did not do well on Number Towers. Of the 150 papers reviewed, 56 did not
attempt the problem and an additional 51 scored no points on the task.

Student A shows evidence of understanding the patterns within the number towers
and being able to represent each space symbolically. Thisis shown clearly in the
logic structure used for the proofsin part 2. This student understands the tools of
algebra and can solve simultaneous equations with two unknowns in part 3. The
student also uses the quadratic equation to solve for the missing roots in part 6.
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Student B demonstrates the same understandings, but chooses to use factoring to
solve for the roots in part 6 of the task.

Student B

5 Vst the completed multiphication ower 10 slmwmaﬂzl + 4z = 48
(2242} =4E
nZANZ= IR

6. Find the possible values of zindz
W T UE ~4§=0

‘ ZHZ-12=D .
(2-3{2+¢) =0

: v y,
” 23 ov-l

!4 4y =48,

The most challenging demand of the task was to use algebra to prove why certain
algebraic expressions were true. Students did not understand how to do that piece
particularly for part 2. However many students with weaker skills good solve part 3
and 5 using guess and check or substitution. See the work of Student C.

Student C
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© 5. Usethe compieted multiplication tower 1o show that 43° + 4z = 48.
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More than half the students who responded to Number Towers put numbers into the
blank boxes in the number towers instead of algebraic expressions. Student D picks
numbers, which will add to 16, but then puts in an incorrect number for the third box.
In doing guess and check in part 3, the student does not understand the concept that
the two equations represent conditions that must both be true. The student just
generates different values for x and y to satisfy each equation. Thisisavery
fundamental issue in working with algebra.

Student D
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1+ I:_rir [?;,—.ngi

. the completed number tower to show that 2x + y = 14 and x +

2 =) 8= 14 G o+ 2le) - il

d valwes of x and ¥ that satisfy both equations; 2x + y = 14 and

o R 2o Iy N
= = L . = s
‘\-..r_-—- -..Li‘;';; '

Course One - 2003 ng.



Student E generate possible values for x and y in the bottom row of the tower, then
uses the addition rule to fill inthe missing numbersin the second row. The student

does not appear to notice that the numbers in the second row will not produce the

sums given for the third. Student E does not respond to any further parts of the task.

Student E

Teacher Notes:
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Grade 9 — Number Towers

1200 -

1000 -

800 +

Frequency

400 -

200 +

600 -

Number Towers

Mean: 1.09, S.D.: 1.87

0

10

O Frequency

1105

148

184

115

21

Score:

0

1

2

3

4

5

6

7

8

9

10

%<=

63.7%

12.2%

82.8%

89.4%

93.2%

95.4%

97.4%

98.6%

99.1%

99.6%

100.0%

% >=

100.0%

36.3%

27.8%

17.2%

10.6%

6.8%

4.6%

17.2%

1.4%

0.9%

0.4%

The maximum score available for this task is 10 points.

The cut score for alevel 3 responseis 5 points.

Some students (about 36%) could find one correct solution to satisfy the equationsin
part 3 or could fill in the correct symbolic expression for the multiplication tower.
Less than 10% of the students met standard on this task. Some of these students
managed to do this use guess and check strategies to solve for unknowns. More than
60% of the students scored zero on thistask. About half of the students who scored

zero attempted the task.
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Number Towers

Points Under standings Misunder standings

0 More than 60% of the students Students who attempted the task did
scored no points on this task. not understand how to use symbolic
About half of them attempted the | notation to continue the patternin
task. the towers. They used numbers

instead of expressionsto fill in the
blank boxes. While some of the
numbers may have fit the pattern,
there were still flaws in the solution.

2 Studentswith this score could
usually use a guess and test or
substitution strategy to find the
correct values for the equations in
part 3. A few students could write
symbolic expressionsin the
number towers.

3 Students could fill in the symbolic
expressions for both number
towers.

5 Students could use substitutionto | Only 11 of the 150 students used
find the unknowns in 3 and the algebrato solve part 3. Another 2
positive root in 6. They could fill | students attempted to use algebrain
in the multiplication tower and use | part 3.
the distributive property to make
the proof for part 6.

7 Students with this score could not | 2 students used the quadratic
find the negative root for part 6 equation successfully in part 6,
and made one other error in some | another 2 attempted to use the
other part of the task. quadratic formula. 2 students used

factoring successfully in part 6 and
7 attempted to use factoring.
10 Students could use symbolic

notation and convert among
equivalent expressionsto form a
proof. Students could solve two
equations for two unknowns using
guess and check or algebra.
Students could find roots for a
quadratic equation using factoring
or the quadratic formula.
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Based on teacher observations, thisiswhat Algebra One students seemed to know and
be ableto do:
Use guess and check or substitution to solve for two unknowns in two equations.
Write symbolic multiplication expressions.
Simplify a multiplication expression using the distributive property.

Areas of difficulty for Algebra One students, Algebra One students struggled with:
Writing symbolic addition expressions
Checking their solutions to see if they fit al the conditions or parameters of the
task
Using symbolic expressions to form equivalent expressions
Solving two equations for two unknowns
Using factoring or the quadratic formula to find missing roots

Queﬂlonsfor Reflection on Number Towers
Did your students use numbers or symbolic expressions to fill in the number
towers? If they used numbers, did the numbers fit al parameters of the tower, e.g.
did the numbers lead to the correct final solution? What are your classroom
norms around checking having students check their work? What do you think
they didn’t understand about the pattern?
What opportunities have your students had to use algebrato do a proof? What
types of experiences or problems might help them develop these skills? What
would you have liked to seen in a complete and thorough explanation for part 2?
What skills would be needed for that solution?
While guess and check or substitution is a useful tool for solving problems,at this
grade level students need to have their skills expanded to use more efficient
strategies. What types of questions can help students see the application of the
algebrafor solving problems? How do can you provide learning experiences to
help students transition from guess and check to using algebra?

Looking at student work, how many of your students in part 3:

Did not attempt this part? | Used guess and check or Used agebra to solve?
substitution?

In part 6, how many of your students:

Did na attempt this part? | Used the quadratic formula? | Used factoring?

Do you think students would have done better on this problem if they had more
time? Where might this problem fit into your curriculum to test for these
understandings?
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Teacher Notes;

Instructional Implications:

Students at this grade level need frequent opportunities to describe situations in
symbolic notation. It isimportant that they not just use expressions provided for them
for symbol manipulation. Students also need to dewelop their logic and have
opportunities to use algebra to prove conjectures or rectify different solutions or
formulae. Students should know that given two equations, the common variables
stand for the same values. Students should be able to find positive and negative
solutions for quadratic equations and have a variety of tools to help them.

Teacher Notes:
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