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Level Frequency Distribution Chart and Frequency Distribution

2004 - Numbers of students tested in Grade 10: 346
Grade 10 2000 - 2001

% at % at least % at % at least
Level | ('00) ('00) ('01) ('01)
1 33% 100% 32% 100%
2 45% 67% 52% 68%
3 18% 22% 14% 16%
4 4% 4% 2% 2%
Grade 10 2002 - 2004
% at % at least % at % at least % at % at least
Level | ('02) ('02) ('03) ('03) ('04) ('04)
1 44% 100% 25% 100% 6% 100%
2 40% 56% 39% 75% 27% 94%
3 9% 16% 23% 37% 29% 67%
4 6% 6% 14% 14% 38% 38%
140 -
120
100
> 80 -
E 60 -
40 ~
i B
91 0-11 12-20 21-28 29-40
1 Minimal Success 2 Below Standard 3 At Standard 4 High Standard
W Frequency 21 92 100 133
| Frequency | 21 | 92 | 100 | 133 |
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Course Two

Task One Rectangles with Fixed Area

Student Task Read and interpret tables about area, length, and height. Use
table to plot graph and answer questions about non-linear
functions and limits.

Core Idea 4: Develop mathematical arguments about geometric

Geometry and relationships; and apply appropriate techniques, tools, and

Measurement formulas to determine measurements.

e Understand and use formulas for area.

Core Idea 3: Represent and analyze mathematical situations and

Algebraic structures using algebraic symbols.

Properties and e Recognize and use equivalent graphical and algebraic

Representations representations of functions with their geometric

characteristics such as intercepts.

Course Two — 2004
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Rectangles With Fixed Area

This problem gives you the chance to:

* explore the relationship between, length and height, in rectangles with a fixed area

Here we have a family of rectangles.

Each rectangle in this family has a fixed
area of 24 square centimeters.

A few examples of this family of rectangles are shown in the table below:

1. Complete the last line of the table below.

Rectangle # Length (cm) Height (cm) Area (cm’)
Rectangle 1 48 0.5 24
Rectangle 2 24 1 24
Rectangle 3 2 24
Rectangle 4 24

2. Complete the table above by writing in the length and height of another rectangle with area 24

square centimeters.

3. Write a formula for the area A of the rectangle in terms of the length, /, and height, 4.

Course Two — 2004

pg. 4




24

4. 1If the area of a rectangle is 24 square centimeters, then /1 =

I
24
Using the formula h= _Z , complete the table below:
[ 0.5 1 1.5 2 3 4 5
h 48 24 4.8

h“

48
5. Use the above table of values to graph

24 44
I 40
36

32
6. How can you tell from the equation that it

does not represent a linear function? 28

24

20

height (cm)

16

12

0o 1 2 3 4 5

7. This graph does not cross the /-axis. length (cm)
Explain why this makes sense.

~ ¥V
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Rectangles With Fixed Area Test 10 Rubric
The core elements of performance required by this task are:
« gxplore the relationship befween length and height, in rectangles with fixed area
section
Based on these, credit for specific aspects of performance should be assigned as follows points | points
1. Gives correct answer: 12 1 |
2. Gives correct answers: 6 and 4 or 8 and 3 1 |
3. Gives correct answer: A = [lh ] |
4. Chives correct answers: 16, 12, 8, 6, 4 2
Four or five correct answers 2 points.
Partial credit
Two or three correct answers | point. (1) 5
5. Plots a correct smooth curve. 2
Partial credit
Draws a graph with one error. (1) -
or -
Points plotted but line not drawn.
6. Gives a correct explanation such as;
The graph 1s not a straight line/is a curve. 1
The equation 15 not of the form v = mx + ¢ where m and ¢ are constants. |
7. Gives a correct explanation such as;
[f | = 0 then the rectangle becomes a straight line and the area = 0 1
or or
You cannot have a negative height/measurement. 1
1
Total Points 9

Course Two — 2004
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Looking at Student Work- Rectangles with Fixed Area

Many students did very well on this problem. Students could use the table and find missing lengths
and heights necessary to keep the area the same. They could graph data from a table and make it
into a smooth curve. Student A does a nice job of explaining the definition of a linear equation in
part 6 and gives a contextual reason for why the curve does not cross the h-axis.

Student A

Rectangies With Fixed Area

This problem gives you the chance to:
« axplore the relationship betweer, langth and height, in rectangies with a fixed area

Here we have a family of rectangles.

Each rectangle in this family has & fixed
arca of 24 square centimeters.

A few examples of ﬂi'i;family of rectangles are shown in the table below:

1. Complete the last line of the table bekrw,

2. Complete the table above by writing in the length and height of another rectangle with area 24
gquare centimeters.

Rectangle # Length (cnr) Helght {cm ) Area {cm®}
Rectangle 1 48 05 24
Rectangle 2 24 1 24
Rectangle 3 12 2 24
Rectangle 4 (g 1 24

"

3. Write & formula for the area A of the rectangle in terms of the length, I, and height, A.

Course Two — 2004
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Student A

24

4. If the area of a rectangle is 24 square centimeters, then & = T

Explain why this makes sense.

Using the fovmula h'T,complcieth-ctable below: /
! 0.5 1 15 2 3 4 5
T ® 2% g |2 | g L

h —r
a8 |ttt L]
5. Use the above table of values to graph S S G S I :
24 44 i S : i

na2 oI
: 0 (el

ST F
el . N T I A A
32 |- IS NN AN
6. How can you teli from the equation that it S : | i :
does no¢ represent a linear function? T 2 i
24 S MR T
IF Hne ﬁ-“a‘huahhﬂ h="7— nere x M SR NNy |
E ; ; 0 L !
a_HNear eauation [ sren  the E 20 = \P - r iy 1
| “ 16 [ i
LOOFAMIARS N 1o gragh M es \
would bR d ‘.m'&i//ﬁﬁr (. Cuve NEEEuaNEN
4 T ; ?’ LT . ,
Pt ! l Lt ‘
0 B H i - _.} ! H !
1 2 3 4 5 6 711

7. This graph does not cress the f-axis. langth {cm)

e _acgph dots not (rost e QYIS brayge 15 jot

. & i
poseiDi® for 4 side < g mc;rurgl;z 1i9) hqv&‘n&gq‘ﬂv% “lerafn
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Student B shows some of the thinking behind the answers in the table by listing the multiples
of 24. Student B also lists two possibilities for Rectangle 4. Student B does not use the

context to think about why the graph can’t cross the h-axis. The student does not realize that
graphs can curve and still cross an axis.

Student B

puatdples of 247

1,24
2,42
=187
4, b
ot the table below: A% 2 26
A few examples of this family of rectangles are shown in the C
1. Complete the Jast line of the table below. 24
Rectangle # Length {cm) Helght {cm) Area (em’)
Rectangle 1 48 05 24 {
Rectangle 2 24 1 24
Rectangle 3 iz 2 24
Rectangle 4 £ E | 24 | \

=

2. Complete the table above by writing in ﬂl?uhsn and hei ght ofr gj‘:oflmr ectangle with area 24
square centimeless.  pocong (o 5 Py % )

1. Wiite a formula for the area A of the rectangle in terms 'O the length, I, ‘and height, h

potn \
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Student B

I;:; S \3@% 1% vy N “;T
S . _ 15 . =11 ® =k
ol BN !1_:,"5 =l n=e
L2 T T
. 24 b
4. Ifthe area of a rectangle is 24 square centimeters, then k-T. 4
24 n x4
Using the formula h‘T,cumpletethelable below:
7| 08 | 1 15 | 2 3 ) 5 6 o
h 48 24 le L & 2 B P
h : E :
48 T e
3. Use the above table of valugs w0 graph —— -
: 24 44 T
he=. A
% ——
36 i 5
32 —L Z
6. How can you tell from the equation that it 4&‘ : T
does not represent a linear function? g BN T
S - < = 24 ; S F ;
SN une 3§ cuyyed VneOr menns £ ——— L ; —
w20 e e
R e e ek il
oS e N IS Curpd, i oangr N e
]2 i ! E\ : i o "_-i
e Livieay g |- RN 3 fJ
R : _'_g
Py e S R
i R
o 1 3 4 5 6 714

7. This graph does not ¢ross the h-axis.
Explain why this makes sense.

length (em)

'S not 4 VNPIe funergn ToRYetwe 1t aqetn't Mg ye te int ensect the

O

h -0 XS, The gmon SnowS 10 Vine 1S _cur yed Wit Gutowmprical Wow
L

oves et ' et 'a Unpar fyaction
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In general, students had difficulty with describing why the equation does not represent a linear
function. Below are some typical responses:

How can you tell from the equation that it does not represent a linear function: Because
there is no relationship between them.

It goes down.
Because it is not linear to each other. There is no rectangle equation.

I can tell you that from the equation that it doesn’t represent a linear function because not
all the functions are listed.

I can tell because this equation has no y-value. A linear function has an x- and y- value.

Students also had difficulty explaining why the graph does not cross the h-axis. Some had trouble
because they didn’t think about the context or thinking about a limit. Some good answers included.:

e A rectangle cannot have a negative area or height.
e Because in the equation you cannot have 0 as the denominator.
Some typical errors include:

It is not a linear function.

Because the chart gave us the answers to connect the dots.

Because 48 is the highest it will go.

Because 48 is double 24, so if it was going to cross the h axis the length would have to be

very small.
e There is a down-slope arc, which will continue and result in not crossing the h-axis, also it
began at a reasonable number.

Teacher notes:
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Frequency Distribution for each Task — Grade 10
Grade 10— Rectangle with Fixed Area

Rectangle with Fixed Area
Mean: 7.35, S.D.: 1.61

100 -

Frequency
(&)
o

25
o0l == [
0 2 3 4 5 6 7 8 9
O Frequency 2 1 5 13 26 34 75 95 95
Score
Score: 0 1 2 3 4 5 6 7 8
% <= 0.6% 0.9% 2.3% 6.1% 13.6% | 23.4% | 451% | 72.5% | 100.0%
% >= 100.0% | 99.4% | 99.1% | 97.7% | 93.9% | 86.4% | 76.6% | 54.9% | 27.5%

The maximum score available for this task is 9 points.
The cut score for a level 3 response, meeting standards, is 5 points.

86% of the students met standards on this task, they could fill in the table with correct values of
length and height to make an area of 24 cm?. Students with this score could also write a formula for
area of a rectangle and fill in values in the table for height using the formula h=24/1. Many students,
approximately 76% could also find plot the graph, but may have forgotten to connect the points to
make a curve and could explain either why the graph was not linear or why the graph could not
cross the h-axis. Almost 27% of the students could meet all the demands of the task. Less than 1%
of the students scored no points on this task.
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Rectangles with Fixed Area

Points Understandings Misconceptions

] Less than 1 % of the students scored
zero on this task.

2 Students with this score could fill in | The most common error on the
lengths and heights on a table to table was to put the combination
make a rectangle with area of 24 cm?. | of 6 and 3 for rectangle 4.

Students were trying to find a
pattern within the table rather than
making sense of the situation.

5 Students with this score could fill in a | Some students forgot to answer
table about lengths and heights of a the question about formula.
rectangle with an area of 24 cm’. Others confused area of a
They could also use the formula rectangle with the formula for
h=24/1 to fill in values in a second circle or triangle giving answers
table. Students could also write the | like A>=1 x h, A=1x h’, or
formula for finding area of a A=1/2x 1’
rectangle.

7 Students with this score could plot About 25% of the students did not
the values in the table and explain connect the points to make a
either why the graph was not linear or | curve. Almost 13% of the
why the graph would not cross the h- | students graphed one incorrect
axis. point from the table.

8 Students with this score made a
graphing error, couldn’t explain a
nonlinear function, or could not
explain why the graph did not
cross the h-axis. The errors were
fairly evenly distributed between
these three.

9 Students could find lengths and

heights to make an area of 24 cm?,
use a formula to find missing heights,
graph values from a table, and reason
about why the function was not linear
and about why the graph would not
cross the h-axis. Their reasoning
included ideas about not having
negative areas or negative heights
and lengths and/or not being able to
divide by zero.

Course Two — 2004
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Questions for Reflections on Rectangles with Fixed Area

e What opportunities have your students had to work on graphing linear and nonlinear
functions? Do they have discussions about when it is appropriate or not appropriate to
connect the points? Do they understand the meaning of what is represented by the line or
curve between the points?

e  What types of problems have students worked with that have limits? How do they attach
meaning to why something does not cross a certain value? How can you help them develop
an informal understanding of limits that will help them with later mathematical knowledge?

e Do students know the definition for linear function?

Teacher notes:

Implications for Instruction:

Students need frequent opportunities to work with functions in context. At this grade level, the
reasoning skills need to be expanded to consider how parts of equations relate to the shape of graphs
and students should start to develop ideas about limits and why those limits might exist or make
sense. Graphs need to be viewed from the perspective of conveying information. What does a
curved line say about the situation? How is this different from the information conveyed by a
straight line? Students need to continually be pushed to think about meaning as well as procedure,
to view mathematics as a way of describing events, making predictions, and tools for making
decisions.
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Course Two  Task 2 At the Gym

Student Task Work with radius, area and volume of a set of solid circular
discs. Apply and reason about volume in an unfamiliar
setting.

Core Idea 4: Apply appropriate techniques, tools, and formulas to

Geometry and determine measurements.

Measurement o Understand and use formulas for the area, surface area,

and volume of geometric figures, including cylinders.
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At the Gym

This problem gives you the chance to:
» work with radius, area and volume of a set of solid circular discs

At the gym, the weights class uses 3 different sizes of weights.

The weights are all circular with a hole in the center.

1. The area of the top surface of the smallest weight is 36 square inches and it is 0.8 inch thick.

36 square inches

0.8 inch

What is the volume of this weight? cubic inches

Show your calculations.
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2. This middle size weight has a radius of 10 inches.
The hole in the middle has a diameter of 2 inches.

What is the area of the top surface of this weight?

square inches

Explain how you figured it out.

3. The area of the top surface of the largest weight is 531 square inches, ignoring the hole.

Figure out the radius of the largest weight.

inches

Show your work.

Course Two — 2004
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At the Gym Test 10 Rubric
The core elements of performance required by this task are:
» work with radius, area and volume of a set of solid circular discs
section
Based on these, credit for specific aspects of performance should be assigned as follows points | points
| Giives a correct answer: 28.8 cubic inches !
Shows work such as: 36 x 0.8 !
4 Giives a correct answer: 311 sq. ins. Accept Yon I
Gives explanation such as:
Area of large circle: 314 sq. ins.
Accept 107xm.
Area of hole: 3 sq. ns.
Accept 17xm.
Area of weight = area large circle — area of hole 2
3
3. (Gives correct answer: 13 inches 1
Shows work such as:
531/ m 1
and square root used. 1 .
>
Total Points 8

Course Two — 2004
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Looking at Student Work — At the Gym

About 16% of the students could meet all the demands of the task. Student A does a nice of

showing formulas for calculations and describing in words how those calculations contributed to

find the solution to the problem.

Student A

1. The area of the top surface of the smailest weight is 36 square inches and it is 0.8 inch thick.

36 square Inches

v/

What is the volume of this weight? 2987 cobic inches
Show your calculations.
5
x 0.9
158
oo J/
7 B3 = b

IELEIE

2. This middle size weight has a radivs of 10 inches. e 1'“(1 aa: Tl;‘r: "
The hole in the middle has a dismeter of 2 inches. &> 7 ()" 5\ . % lq

. o: 34
What is the area of the top surface of this weight? ™

v e
_M squiare inches e

Explain how you figured it out.

TR O00G OF o cvTie W UMM W v QlhOles G Tl
ﬂ\m\f\‘:\ YR TaorbRr 10 03 We vodins R Al errinf
CwoR Wrg cveoh O fhe @ive Cirgle woud ke 314 s Movever,
OO & O yRIe wn Ak O, PrerQPe® 40 need D SUSNTH

& ovbo de MR e Gvpie fioen e W-Ole  oeg  ARiAg ‘”‘Q‘/
AL GUETS -8 Ve 0t i1 fre ~oldI@ VG com  dren

of 4. \pSiree Hre iU s 1 hean :\)‘ow[ﬁna 3\ im? B
Z9 v’ ger 210.Bb w* 2.

3. The area of the top surface of the Jargest weight is 531 square inches, ignoring the hole.

Figure out the radius of the largest weight.

& \% inches /
Show your work.
[eRaTe's
=2\ = Ty
W R /
=k -t v - f
=3y v
e =
= |
v G inChe> B —
Puistmhas sy TG+l LLE. Gopyright B 2054 Page 5 Attha Gym  Teat 10
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Student B shows evidence of using the diagram to help make sense of the task situation. The
student knows that radius is important for finding area and divides the diameter by 2. However the

student forgets to use this radius to calculate the area of the hole, subtracting instead the radius of
the hole from the area of the outer circle.

Student B
o 2%.% "
What is the volume of this weight? __?___,b/‘:uhlc inches
Show your calculations.
&
436 L
i S 1t
5o/
3
2 3 ‘%T .
=T :
A=TH L-—-_y 40
- * -asz‘&
2. This middle size weight has a radius of 10 inches, I~ 3+'4 (@) —

A=204 1%Y)
The hole in the middle has a diameter of 2 inches.

What is the area of the top surface of this weight?

25544 x square inches

Explain how you figured it out.

N Were’s o Nole 1N the wudale And wé don't néea  tne Wars inenes, 3

avtien To tote TAe 2 GNPt aac ASuming svat tieg A\ameTEy nt trg

CACle Pttt ANe Z2inchnps ivi halfl con S04 EYTer The Yadius ot 4ne npje {5

Linrv. So40e ovaniuws of gne cirele (oinevmes) Sptracss e vodivg

af thne holf (1iven) s 9 Now, we hove o Aintn “Yodlus Clecte X
whicn XCvdes the 2 incnes thatyie pon's nOBE. Since the OYeadE RE
Rrfumbereni@ S IV 1 g In Q and | g° T 255,84 905

3. The ares of the top surface of the largest weight is 531 square inches, ignoring the hole,

Figure out the radius of the largest weight.

212 i\l{.i'ﬁches
Show your work.
5 3] = ﬁ" z ’____.{_E-q—l—] ! |

N TR
5 :3."Ev‘ et
-1554
‘T&ﬂ %’\:"\/ \ 2 Wbl
: L,%— —hie
£

TR =y B __-g?:
T T %
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Many students had difficulty trying to figure out how the hole effected the area of the weight.

Student C used the diameter instead of the radius to find area of the hole.

2. This middle size weight has a radius of 10 inches.
The hole in the middie has a diameter of 2 inches.
What is the area of the top surface qfliis weight?

204

Expiain how you figured it out.

square inches

=

ﬁ:’:’»tff r ‘__;wd .714_, E4tire  mren of Phy
win AY, L e pit G0 e e"’un of G K
be /-6" Fromty 7 cerh Fnsdee v Do
':'}45 J?a/r ey g e - ?/ P

_ _/. LI
Cir7eie W E(S %,

Other students had difficulty because they used the wrong formula. Student D uses the formula for
circumference instead of the formula for area.

2. This middle size weight bas a radius of 10 inches.
Tke hole in the middle has a diameter of 2 inches.
VWhat is the area of the top surface of this weight?

abounk &6 ,5‘4‘?{1‘8 %,(m inches

Explain how you figured it out.

Tt e Suu{w.m By o c{“ e wieihrd wriout o hole Wwowid ke

%ido s 17
zy (ov mdb. Subg&—lw%—'iu& A -tine v {ntich s 1o would, ek X
w20, Tae ovEa W € b pa o

Yoy Brdfistduding 7 as & into Tiel, oWk veSwlhs L LT
10‘1‘! wirus 2 s Erm, wkioh ' e o«veac{ e {47
sweface {-‘;ke we}@'w{-, (& & (. BUAD

3. The area of the top surface of the largest weight is 531 square inches, ignoring the hole.

Figuare out the radius of the largest weight.

about %q'-é” inchas
264 5
Show your work. w

#3) 2nv
= = X
5= qx
255 %X
QU AW v »
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Student E forgets to use & in the formula for area. Student E also illustrates a common feature on
this task of working one section of the task but makes no attempt on other sections of the task.

Student E

2. This middle size weight has a radius of 10 inches.
The hole in the middle has a diameter of 2 inches.
What is the area of the top surface of this weight?

f2f X square inches

Explain how you figured it out.

Z& fi‘nd !I_{E ﬂ[;gg é ac[ulg;ik i;!buh ir A:!'“J. TAF @M
of b eircle s M Sine, o sttall_eteelys died, i 2 balf of Y1 & |,

Holf of 40 Liews doo : L of th pudns n the o s il K
Uygod got (2 Lo the 4 sipn

3. The area of the top surface of the largest weight is 531 square inches, ignoring the hole,

Figure out the radius of the largest weight.

;X‘ inches

Show your work.

Teacher Comments:
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Frequency Distribution for each Task — Grade 10
Grade 10— At the Gym

At the Gym
Mean: 3.56, S.D.: 2.66
125
100 - |
iy 75 -
c
)
] —
o
o 50 -
L
25 H
. B Il
0 1 2 3 4 5 6 7 8
O Frequency 45 24 102 33 12 52 10 8 60
Score
Score: 0 1 2 3 4 5 6 7 8
% <= 13.0% | 19.9% | 49.4% | 59.0% | 62.4% | 77.5% | 80.3% | 82.7% | 100.0%
% > = 100.0% | 87.0% | 80.1% | 50.6% | 41.0% | 37.6% | 22.5% | 19.7% | 17.3%

The maximum score available for this task is 8 points.
The cut score for a level 3 response, meeting standards, is 4 points.

Most students, approximately 80%, could find the volume of the small weight given the area of the
base and the height. About half the students could also do some of the steps for finding the radius of
the large weight in part 3 of the task. Only 22% could do some successful work for finding the
surface area of the middle weight when given a radius and a diameter. About 17% met all the
demands of the task. About 13% of the students scored no points on the task. Most of those

attempted the task.
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At the Gym

Points Understandings Misconceptions

] About 92% of the students with | Students did not understand

this score attempted the problem. | formulas for volume and area.
Many students divided base by
height or squared the base before
multiplying by height.

2 Students could multiply base
times height to find volume.

3 About half the students with this | About 8% of all students did not
score could find volume in part 1 | attempt part 2 of the task. About
and divided the surface area by | 15% of all students did not attempt
in part 3. The other half of the part 3 of the task. In part 2, students
students with this score did not | were unsure about how to use the
find the volume in part one, but | hole to find the surface area of the
could work backwards from the | weight. They often did not notice
surface area to the radius in part | that the two measurements were for
2. different attributes, radius and

diameter, so they substituted
incorrect values in their formulas.
The most common error was 1007—
4m. The second most common error
was to ignore formulas for area and
just multiply the two numbers in the
problem, 2 x 10=20.

4 Students could find volume and | Students could not find the radius,
make a systematic attempt at made mistakes like taking the
solving for radius if given the square root of 561 without thinking
surface area of a circle. about 7 or dividing 561 by 2.

5 Students could find volume and | The item preventing students from
radius of the weights. complete success on the task was

finding the surface area of the
middle weight.

8 Students knew the formulas for

surface area and volume of a
cylinder and could reason about
them in a problem situation
where the cylinder had a hole in
the middle.
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Questions for Reflection on At the Gym

e  When learning formulas, do students get opportunities to explore how they are put together?
Do students discuss how part of the formula is “to find the area of the base” and that the
other part is “to multiply by the height” or do you think they see the formula as a string of
symbols? What is your evidence?

Look at you students’ answers to part 2, finding the surface area of the base:

e Did students forget to divide the diameter of the small circle by two?

e Did they forget to use the area of the hole for subtraction? What other measurement did they
use?

e Did students deal with circle formulas in an attempt to solve the problem or did they just use
numbers in a set of random operations? Did students use ©? Is there a squared term in their
solution?

Here is a chart to help you track student thinking for part 2:

311
(99m)

301.44
(1007-47)

255.34
(10-1)*m

23.14
10*2+m

56.55
(10-2)%

40
2310

20
2*10

No
Ans.

How well were your students able to work backwards to find the radius of the weight in part 3?
e Did they attempt to use 1t?
e Did they know to use a square root? In what other ways did they misuse the exponent 2?
What are the implications for instruction around squares and square roots?
Here is a chart to help you track student thinking for part 3:

13 23.04 84.5 169 265.5 132.75 | No ans.
531/3.14 sq.root of | (531/3.14) | 531/3.14 53172 531/2°
sq.root of 531 169/2

169

About 16% of the students did not attempt part three of the task and about 11% did not attempt part
two. Why do you think students were unwilling or unable to try these parts? How do we build in
students a disposition for solving unfamiliar problems or a perseverance for problems that area bit
challenging? What types of teacher moves or actions do you use to promote these mathematical
habits of minds?

Teacher Comments:
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Implications for Instruction:

Students need to learn formulas in a way of making sense of the world. Learning to generalize from
specific formulas to a generalization that works for many shapes, eliminates some need for
memorization and empowers students to solve problems for unfamiliar shapes. If students explore
the idea of volume, it is important for them to understand the elements that compose that formula.

In the case of volume, students should come to realize that volume is made of a base (which can take
on many different looks depending on the shape) times a height. Students need to be preparing not
just for the specific problems in the book, but also for the ability to think about mathematics when
confronted with new shapes or problems.

Just as students should be able to decompose formulas, students should be able to decompose shapes
into individual components and see how they relate to effect the whole. Students had difficulty
thinking about the relationship of the hole to the weight. How does the hole effect the area of the
base? The volume of the weight? Students need to learn to reflect on the relationships. At this

grade level, composing and decomposing shapes should be a very natural part of their mathematical
thinking.

Teacher Comments:
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Course Two  Task3 Birds’ Eggs

Student Task Read and interpret scatterplot about length and width of birds’
eggs. Understand, use and compare ratios of length to width
of different eggs.

Core Idea S: Data For bivariate measurement data, be able to display a

Analysis scatterplot and describe its shape.

Core Idea 3: e Recognize and use equivalent graphical and algebraic

Algebraic representations of lines with their geometric

Properties and characteristics, such as slope and intercepts.

Representations e Develop, analyze and explain methods for solving

problems involving proportional reasoning, such as
scaling and including equivalent ratios.

e Approximate and interpret rates of change, from
graphic and numeric data.
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Birds’ Eggs

This problem gives you the chance to:
* interpret a scatter diagram including comparing gradients

This scatter diagram shows the lengths and the widths of the eggs of some American birds.

70

W)
[T

60 ° LIPS

50

40

30 ®

Width in millimeters

10

0 10 20 30 40 50 60 70 80 90 100

Length in millimeters

1. Mallards’ eggs have an average length of 57.8 millimeters and average width 41.6 millimeters.

Use an X to mark a point that represents this on the scatter diagram.
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2. What does the graph show about the connection between the lengths of birds’ eggs and their
widths?

3. Use the graph to estimate the width of the eggs with a length of 35 millimeters.

millimeters

4. Describe the differences in shape of the two eggs C and D.

5. Which of the eggs A, B, C, D, and E has the greatest ratio of length to width?
Explain how you decided.

Published by CTB/McGraw-Hill LLC. Copyright © 2004 Page 7 Birds’ Eggs Test 10
by Mathematics Assessment Resource Service. All rights reserved.



= , -
Birds’ Eggs Test 10 Rubric
The core elements of performance required by this task are:
* interpret a scatter diagram including comparing gradients
section
Based on these, credit for specific aspects of performance should be assigned as follows points | points
1. Marks points correctly.
Accept points within 1 square of correct position. 1 i
2. Gives a correct description such as:
Generally, the greater the length of the egg, the greater 15 its width. 1 i
3. Gives correct answer: 25mm approximately. ]
Accept values between 22 and 28 |
4. Gives a correct explanation such as:
They have the same width but I3 15 longer. 2
or or
15 a shorter and fatter shape. 2 A
5. Grves a correct answer: E ]
and
Citves a correct explanation such as:
The line jorming E to the origin 1s the flattest of all the lines joining A, B, C,
D, and E to the origin. 1
or or
Giives all the ratios simplified for comparison. 1 -
Total Points 7
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Looking at Student Work — Birds’ Eggs

Many students did very well on this problem. Student A makes use of the graph by plotting
the point for question 3. Student A also labels the axis in more detail to help think about the
points and their values. In part 5, the student quantifies all the ratios and shows their
conversion to decimals to make the comparison easier.

Student A

Birds’ Eggs

This problem givas you the chance to: _
« interpret & scatter diagram including comparing gradients

This scater diagram shows the lengths and the widths of the egps of some American birds.

70
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Width in millimatars

8

oy
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1 1
1334 4% AT
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1 anath in millimaters
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f 2. What does the graph show shout the connection between the lengths of birds’ £ggs and their

' widths?
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3. Use the graph to estimaie the width of the eggs with 2 tength of 35 millimeters.
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" 4 Describe the differences in shape of the T eggs C znd D.
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Student B makes a couple of common errors. In part 3, the student reverses the axes and reads from
length to width, instead of width to length. In part 5 the student describes a procedure for comparing
ratios, but does not quantify any of the points.

Student B

L. What does the graph show about the connection between the lengths of birds’ eggs and their
widths?

A Tok o s \g@h juotsSes © dees
ERCZENNL. Y

3. Uss the graph to estimate the width of the eggs with a length of 35 millimeters.

o X

millimeters

4. Describe the differences in shape of the two eggs C and D. o
_egs  C % O have  the same  widd
but 295 1)) M wie, o SF‘EA"‘\"CF k\/ﬁ‘t’h ¢

5. Which of the eggs A, B, C, D, and £ has the greatest ratio of length to width?
Explain how you decided.

€44 €'/\nm e ar\{e{'ltS"" feh0, T
Chuad Wars 5OV oy giwidiag L leygiw
o ¥t Lo, A

.

-
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Student C uses pictures to help describe the differences in the shape of the two eggs. Student C has
answered all questions through 4 correctly, but is not willing or able to deal with ratios in part 5.

Student C

2. What does the graph show about the connection between the lengths of birds’ eggs and thair
widths?

W _longer. R ivads” 49S Grp dne /amorh?w
R WG -

3. Use the graph to estimate the width of the eggs with a length of 35 millimeters.

e g rie
milltmeters

4. Describe the differences it shape of the two eggs C and D. '

%ﬂf C N0 O ol Moo we Fifhe SinS \ﬁ/wﬂg’ﬂ—.

(V. ce ¢ BRvINL's ORI Oqf’(iatﬁ‘! \Ql’\%’q‘n. QQf\D'R \orgje-
oo QC:@ C

_ s of S
5. Which of the eggs A, B, C, D, and E has the greatest ratio of length to widih?

Explaim how you decided, /

e

The most difficult part of the task for students was trying to work with the ratios of length to width in
part 5. Here are a few examples of their struggle:

® E has the greatest ration of length to width. This is simple to figure out due to the fact that E
has the greatest length and has widths similar to C & D. B is not much of a factor to look at
look at because it has closer to 1:1 ratio than E. A could have been a possibility, yet E has a
greater ratio than A, leaving E as having the greatest ratio of length to width.

® [believe egg “E” because egg “e” has one of the highest widths yet has the longest length.

® FEgg B because the width is 54mm and the length is approximately 71mm. For the other
eggs, the width and length are about 10mm apart.

® [ would say A because there aren’t that many eggs that are super-long. There are more
shorter ones. It is probably rare to get really long eggs.

Teacher Comments:
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Frequency Distribution for each Task — Grade 10
Grade 10— Bird’s Eggs

Bird's Eggs
Mean: 4.90, S.D.: 1.83
100 -
75 4
>
o
o
S 50 -
o N
o
L
25 4
0
0 1 2 3 4 5 6 7
O Frequency 8 11 21 38 43 73 71 81
Score
Score: 0 1 2 3 4 5 6 7
% <= 2.3% 5.5% 11.6% | 22.5% | 35.0% | 56.1% | 76.6% | 100.0%
% > = 100.0% | 97.7% | 94.5% | 88.4% | 77.5% | 65.0% | 43.9% | 23.4%

The maximum score available for this task is 7 points.
The cut score for a level 3 response, meeting standards, is 4 points.

Most students (89%) could plot a point on the scatter graph, give a description of the trend of the
data, and either approximate the length of an egg for a given width or identify the egg with the
greatest ratio of length to width. Many students (78%) could plot a point, find the length given the
width, and describe the differences between egg D and C or describe the trend of the data and
identify the egg with the greatest ratio. About 56% of the students could do the entire problem
except find the ratios in part 5. 23% of the students met all the demands of the task. About 3% of

the students scored no points on the task.
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Birds’ Eggs

Points Understandings Misconceptions

0 About half the students with this score
attempted the problem. Students were
not able to graph points accurately. In
approximating the length for a given
width, they often reversed the axis. In
part 4 describing the differences
between C and D, they often stated
that D was just longer.

4 Students with this score could Many students described a process for
plot a point, approximate the finding ratios, but did not give
length given a width, and either | specific numbers. Others thought that
describe the difference between | E has the longest length therefore the
C and D or describe the trend in | largest ratio. This is only true
the data and identify the egg because the widths of other eggs are
with the highest ratio of length to | similar, but is not a generalization that
width. works for all cases. Most students did

not use numbers in their reasoning.

5 Students could meet all the About 6% of the students did not
demands of the task except attempt finding the ratios. A and D
identify the egg with the largest | were the most common incorrect
ratio of length to width. answers. Egg A is more in the

middle, measurements are not as far
apart. D is the longest width.

6 Students could identify the egg
with the largest ratio, but could
not explain why or quantify it.

7 Students could plot and interpret

data on a scatterplot, describe the
correlation of the data, describe
how length and width effect the
look of the egg, and make
numerical comparisons of the
ratios of length to width for
different eggs.
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Questions for Reflection on Birds’ Eggs

e When analyzing various types of graphs, are students routinely asked to describe trends in
the data?

e  Why do you think students struggled with the issue of ratios?

e What work have students done with ratios this year?

e When making comparisons or justifications in class, what are the classroom norms for
quantifying their thinking?

e Were calculators available on the test? Do you think lack of calculators may have affected
students’ willingness to work with ratios?

e When students picked eggs other than E, what kind of logic guided their choice?

Teacher Comments:

Implications for Instruction:

Students at this grade level need to view graphs as communication tools. When looking at graphs, a
routine first question for students should be to think about what is the trend of the data, what is the
author trying to convey. Students at this grade level frequently use graphs and do calculations
around slope, but they don’t often think about the meaning of the ratio or slope in terms of context
and what information about the situation is given by this ratio. What types of experiences will help
students see slope as a piece of sense-making information to describe some aspect of the situation?
Students need to have the reasoning developed and pushed as they develop new mathematical
procedures and skills. How is this procedure or skill useful? What is the purpose of slope or of
ratios? Included in the reasoning students are developing, is the need for better levels of
justifications or proofs for their choices or decisions. It should be a routine practice to use
mathematical computations to back up their ideas.

Teacher Comments:
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Course Two Task 4 Pentagons

Student Task Solve equations to find interior and exterior angles in
pentagons and tiled pentagons.

Core Idea 4 Analyze characteristics and properties of two-dimensional

Geometry and geometric shapes, develop mathematical arguments about

Measurement geometric relationships, and apply appropriate techniques,
tools, and formulas to determine measurements.
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Pentagons

This problem gives you the chance to:

* solve angle equations to find interior and exterior angles in a pentagon

This is a pentagon. Any pentagon can be
divided into 3 triangles.

1. ABCDE is a regular pentagon.

This means that the edges are of equal length and the

angle measures are equal.

What is the measure of each interior angle of a

regular pentagon?

2. ABCDE is a regular pentagon. DEF lie on a line.

What is the measure of the exterior angle AEF?

Course Two — 2004
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Za+/b+/c=180°
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g+ h+/i=180°

The sum of the angles in each
triangle is 180°. So the sum of
the interior angles of a
pentagon is 540°.
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This diagram is made up of 4 regular pentagons that are the same size.

3. What is the measure of angle AEJ?

Show your calculations.

4. What is the measure of angle EJF?

Explain your reasons.

5. What is the measure of angle KIM?

Show how you figured it out.
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Pentagons Test 10 Rubric
The core elements of perfformance required by this task are:
» solve angle eqguations to find interior and exterior angles in a pentagon
section
Based on these, credit for specific aspects of performance should be assigned as follows points | points
1. Chives correct answer: 108 c.a.o. 1
]
2. (nves correct answer: 727 1 fit
]
3. (nves correct answer: 144° 1 fit
Allow 2167 for exterior angle AE].
Shows calculations such as: 360 — (108 + 108) 1 fit
or 2 x 1087,
4. {nves correct answer: 367 1 fit
Explains that the sum of the angles of gquadrilateral AEJF is 3607 1 ft
Using symmetry the angle EJF = 180° — 1447,
Accept alternative valid explanations.
5. Grives correct answer:  108° 1 fi
Shows work such as; 360 — (108 + 108 + 36) 1 fi
Total Points 8

Course Two — 2004
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Looking at Student Work — Pentagons

Students seemed to either know quite a bit about reasoning with angles or almost nothing. The
problem is interesting because students can use a variety of strategies to reason out the unknown
measures. Student A subdivides AFJE into two triangles to reason out the size of AEJ. Student A
does a good job of describing the idea that around a given point there are a total of 360°.

Student A

440 v
Show your calculations. ﬁlm- Pr- w&*\?ﬁp e in gr. wth £7Th
B AED= 10545 FED<108 £ AFF-T72- $¥TEF =77

Il i b

3. What is the measure of angle AEJ?

4, What is the measure of angle EJ¥? _ %La V/-
Explain your rgasons, '

Swce AET s T2° 3 F EFT = 72", pecause e art Wn pn 10
7 7] .d |
0" argeg, 727 +72 7 = 1447 oice a Mangie may a suve § 1D’
. v v :
60 —~144" = 3”50 7 AEJF =30°

5. Whatis the measure of angle KIM? 10%°

Show how yaou figured it qut, -

TE FIM =10 45T k=(08"+4TF =310 , SI1NCQ +he,m Gree
200" W aorde angd FsFIME FETFYSET Kt 9 kT form
0 drdg, 'OBTIOE*Re T 2572°, 00257 |0tV
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Student B sees angle AEJ as composed of two exterior angles and reasons about AFJE as a
quadrilateral. Student B has a very unique way for solving part 5 by finding several angles and

subtracting the overlap.

Student B
/ \
3. What is the measure of angle AEJ? \f lL;_l_{
Show your caleulations. Ve
R I Rt ’LM (
4, What is the measure of angle EJF? | N g(ﬂ {
Explain your reasons.
REJF G o patallelegram dhd Snce ihe som of
The ndedor cinales o o q«mdﬂlﬁerm (5 760, axnd o ppsi e

-
anales o4 a mm.‘!e{dth are mqmcnf’ | fan g,u[yfyﬂq.w,g

Tou and AMAL by 3 o G the ang e
m;uré of- Edr’ P;j [U%/ {

5. What is the measure of angle KJM?

. Show how you figared it out.
€1 exitnd e L) ord | dhen the ®xteno? L MJV

an L1§J7 e 12 by wﬁ*mg them tvogtdner | get

[T R S T captrack 3
s L ; Ty
wnmmuifm P:agF fs 3(5 ahd "iﬁ/" emago‘:;e THHG L —{m{fk
~ TEEOXGy =36 fov

0%
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Student C makes a common assumption that a regular pentagon can be drawn at the vertex of angle
MIJK. While this can later be proved, the student does lay the groundwork to prove this assertion
and therefore answers derived from this idea are not valid as a proof.

Student C

3. What is the measure of angle AEJ? \

Show your celeulations. /
£ e0cn ededlr IR (S 1Y +hen Ti+1e= iy ¢

4. What is the measure of angle EJF? 36 A
Explain vour reasons. . o

! HI0NE  SEnSS 0N o XN um& SO Latewn
O . _inoy poves 2 Jmam\\.es D AFQ ahd'

A FRT | ac\I“&:hdu XNOuwy 2 o °
ST r‘mas awa 125

5. What is the measure of angle KIM? | | O Q:' ﬁ'/

Show how you figured it out.

IFS USE QrGANRC P@nmg@ﬁ HNGY 408 1.
SO HAR onge 1 0.t A
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Student D is interesting because there is not quite enough information to follow the reasoning in part
5. Is the student thinking that the bottom angle in the triangle JMK is an exterior angle? Is the
student looking at the straight line extending below point K as a straight line = to 180°? How can
the student look at angle JMK and think that 36° is a reasonable answer?

Student D_
N L
M X |
3. Whatis the measure of angle AEJ? 4] 7
Show your calculations.
cBEV= 0 v
{bréfF:‘?Z-g-W?- <RAeT
ol

4. What is the measure of angle EJF?
Explain your reasons. -

SWR all M potaqons gz den B3 s = R e, and Harogre

& s an_ ool Do ELTET s iah i o TeF apd 23
is 7 . The <EIF =~ 36 Svom Mo72-Da=ze v '

i

5. What is the messure of angle KJM? 26 K

Show bow you figured it out,
2% 180- |ok= 2 )(
g0 I2-92= 304
TsoCehes p Theot s St = ¥ B

Student E again has an answer to part 5 that seems unreasonable by observation and

estimation.

Student E
{
2%

Show bow you figured it out.

5. What is the measure of angle KIM?

,Zl(i}{). Avowd R
YA M )(
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Frequency Distribution for each Task — Grade 10
Grade 10- Pentagons

Pentagons
Mean: 4.62, S.D.: 2.94
100 -
75 4 -
- I
o
o
S 50 1 —
o
o
w
25 4
0
0 1 2 3 4 5 6 7 8
O Frequency 49 35 23 15 29 19 41 63 72
Score
Score: 0 1 2 3 4 5 6 7 8
% <= 14.2% | 24.3% | 30.9% | 35.3% | 43.6% | 49.1% | 61.0% | 79.2% | 100.0%
% > = 100.0% | 85.8% | 75.7% | 69.1% | 64.7% | 56.4% | 50.9% | 39.0% | 39.0%

The maximum score available for this task is 8 points.
The cut score for a level 3 response, meeting standards, is 4 points.

Most students (86%) could use the diagram to reason the size of the angle for a regular pentagon.
Many students (65%) could find the angle size for a regular pentagon, find the size of its exterior
angle, and find the angle formed by two adjoining pentagons in part 3 of the task. 39% of the
students could find all the missing angle measurements, but a little less than half of them could not
explain how they found the final angle in part 5 of the task. 14% of the students scored no points on
this task. Of that group, 85% attempted one or more parts of the task.
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Pentagons

Points Understandings Misconceptions

0 85% of students with this score The most common errors in part
attempted the task. one of the task were 180°, 60°, or

540°.

1 Students with this score could Many students struggled with the
generally find the size of the angle | idea of exterior angle with almost
for a regular pentagon. 25% making some error. Very few

of their errors were repeated by
other students.

4 Students with this score could find | The most common error for part 3
the angle size for a regular hexagon | was to give no response, followed
and its exterior angle and find the closely by students who thought
angle formed by two adjoining angle AEJ was 180°. A large
pentagons in part 3 of the task. group also gave solutions larger

than 180°. Students did not use
estimation to check for
reasonableness of their solutions.

6 Students with this score tended to 16% of all students did not attempt
get all parts one through 4 correct, | part 5. The three most common
or could get all measures correct errors for part 5 were 36°, 180°,
but without correct explanations in | agnd 100°.
part4 and 5.

7 Students could not explain
accurately how they found the
measure of KJIM. Some students
made the assumption that another
regular pentagon would fit in that
position. Other students made
assumptions about other angle
sizes that they did not back up.

8 About 21% of the students could

meet all the demands of the task,
including detailed, logical strategies
for finding the missing angles.
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Questions for Reflections on Pentagons
Look at you student work:
For part three, how many of your students:
e Reasoned about the exterior angles for AED and DEJ to find the measure of angle
AEJ?
e Drew triangles AEF and EFJ to help find the measure of angle AEJ?
e Gave an angle of 180 or more degrees?
e Gave an angle of less than 90 degrees?
For part 4 and/or 5 how many of your students were unwilling to attempt these parts of the tasks?
What conjectures can you make for this?

For part 5 of the task, see if you can sort student strategies. What were the strategies used by
successful students?

How many students had strategies that could have led to the correct answer, but they maybe missed
the final step because they lost track of what each calculation stood for?

What types of assumptions did students make that weren’t backed up with mathematical
calculations? What kinds of questions or experiences can you provide for students that will help
them see their errors in logic?

Teacher Notes:

Implications for Instruction:

Students at this grade level should develop and be fluent with interior and exterior angles and their
properties. They should be developing the reasoning power to use these relationships to find and
quantify unknown angles. They should also be able to justify their angles. It is important that
students not relay on the way things look in diagrams, but through deduction and calculation find the
exact size of unknown angles.
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Course Two Task 5 Differences

Student Task Use algebra to explore and explain a number sequence and its
differences. Use algebra to solve equations for missing terms.

Core Idea 3 Represent and analyze mathematical situations and

Algebraic structures using algebraic symbols and solve equations.

Properties and

Representations

Core Idea 2 e I[dentify, formulate and confirm conjectures.

Mathematical e Explain the logic inherent in a solution process.

Reasoning and

Proofs
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Differences

This problem gives you the chance to:
* use algebra to explore a sequence and its differences

Lee is working out sequences of numbers.

He starts to construct this table:

Position

Sequence

1st differences

2nd differences

1. Fill in the gaps in the table.

2. Find the next two terms in the sequence, assuming that the pattern continues.

7th term &th term

Lee wants to find a formula for the n™ term of this sequence.

He knows that it must be of the form an2 + bn + ¢ where a, b, and ¢ are constants.
So he puts n =1, 2, 3 and makes Table 2, which he will match with Table 1 to find a, b, and c.

Table 2

Position

Sequence

1st differences

2nd differences

3. Explain why the 3™ term in Table 2 is 9a + 3b + c.

Course Two — 2004 pg. 50



4. Complete Table 2 to show the first three terms of the sequence and the first and
second differences.

5. The formula for the n™ term of the sequence in Table 1 is an? +bn + c.
By comparing Table 1 and Table 2, Lee can now find a, b and c.

Write down the values of a, b and c.
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Differences Test 10 Rubric
The core elements of performance required by this task are:
* use algebra to explore a sequence and its differences
section
Based on these, credit for specific aspects of performance could be assigned as follows points | points
1. Gives correct answers: 1st differences are 24, 30 1
2nd differences are 6, 6, 6 1 o
2. (iives correct answer: 127, 169 2x1 o
3. Gives correct explanation such as:
| substituted n = 3 in the equation an” + bn + ¢. 1 |
4. Gives correct answers: Sa + b, 2a 1 I
5. Gives correct answers: a =23
h=-3
c=1
All three values correct, 2 points. 2
Two values correct, 1 point. (1) -
Total Points 8
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Looking at Student Work — Differences

“Differences” was quite a challenging task for students. Student A does a very
nice job of explaining all thinking. In the table in part one, Student A not only
fills in the missing values for 1% differences but also shows that they are multiples
of 6. Student A then extends the table to find the 7" and 8" terms. In the second
table Student A explains not only why 9a +3b =c is the 3 term, but shows the
calculations for finding all the missing values in the table. On page 2 of the task
the student uses algebra to solve for missing values and then substitutes those
values into other equations to check for accuracy.

Student A
pronces
yobiem gives you the chance to:
B to explore a sequence and its differences

woeking out sequences of numbers.

et to construct this tabte:

S ——

Tabk 1

ﬁﬁﬁ
-ﬂ'

. - l_inthcgnpsinﬂwmblz. ?/

Wi the next two terms in m?umm, essuming that the pattern continues. ?/'

1771 Sthterm 167 /

amis to find & formala for the 0™ term of this sequence.

. ¢ that it must be of the form ans + dn + ¢ where a, b, and ¢ are constants.
Bo-puts 1= 1, 2, 3 and makes Table 2, which he will match with Table | tofind &, b, and c.

Tatle 2
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5. The formula for the # term of the sequence ic: Table 1 is an + bn +c.
By comparing Table 1 and Table 2, Lee can now find a, b and c.

Write down the values of g, band ¢

=)
1)
i

\/ lzon+ L+

= 7= Yo 42l 3 ¢
&= 2a
6 =doutb 3 =~

sk Atbt+rc= |
(D H-)re = |
Cheek: to 42hve 1 e =\
H{z) ol = T
Jz—-6+i17 ’
b 127
Y om

A R A LEE LN R Rl R Pama 44 [ 17— Tk A

Student B uses differences to think about how the pattern is growing above the
table. It is not clear at what point the student notices these are the same values as
those in the 1* difference row. Student B also uses algebra to solve for the values

in part 5.
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Student B
Lee is working out sequences of numbers.

He starts to construct this tabie: ni
Table 1

+ 1% + TH + B0 36 &t

v {
o
I. FiH inthe gaps in the table, ' ’
2. Find the pext two terms in the sequence, assuming that the pattern continues.
1
v . - !
2 teem ) 2] %— 8th tertn e 4z 9

127 I}S_'T

Eee wants to find a formula for the n® term of this sequence.

He kmows shat it must be of the form an? + bn + ¢ where a, b, and ¢ are constants.
S50 he pats n = 1, 2, 3 and makes Table 2, which he will match with Table 1 to find a, &, and £.

Table 2

T
Positian 1" term

1o G AT

at+h+e

3. Explain why the 3 term in Table 2is Q2 + 35 + ¢
':rubs—\-rtmﬁn@ W3 o anttowdc vesults A
e
02 £02 0, Wil eauals Gatdh ke, [
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Student B
5. 'The formula for the 2™ term of the sequence in Table | is on? + bn+c.

By comparing Table 1 and Table 2, Lee can now find @, b and .

Write down the values of @, b and e. zZo=le a=%
a=_ 37 Zoa+b=z6 HZ3Oth 6 p=-3
b= -5 4 Otk cs U

c= E i“ ‘%"%J"—c’:"' <=

Student C does not make a connection between the formula an®+bn+c and the
table in part 2. Student C uses the answer for the 3™ term to work backwards to
find the other missing values in the table. The student does not attempt part 5.

Student C

Table 2

Position

Sequance
15t differences

2nd differences

3. Explain why the 3" term in Table 2 is 9a + 35 + c. ' .

i1 W s . 1A -4 ]

Mw‘mﬂ_‘aﬁ_é{c}i&_liuymﬂ Olo s Drpro &

sk et Tt o AN, 8;2)1' Set o, Wees 15 you teds
Bear'n 4 subireek Do o yer aak e

Poplskabud by £ TIMMOGETW-HIN LLE, Copyngtet €1 2004 P 16
dor Bialienalies Aassmaran! Raaporoy Servion Al rigihth Pinkaid.

Differences  Test 10

Course Two — 2004 pg. 56



Student D has a partial understanding of the formula an*+bn+c, but can only
explain the first term in 9a +3b+c. The student does not seem to understand how
the second differences are derived. This limits the student to only using the whole
formula in part 5. The student attempts to substitute a value of 7 for n, but the
numbers are too unwieldy for guess and check.

Student D
Table 2
Position T tom i i
Sequance a+b+e 4a+2b+c Aa+3b+(
15t differencas g Eﬂ -0 L
— 4a¥ ba
3 Exphinwhythc3"ibc:minTable2is'§'a+3b+¢'— nﬂr /(1. *

3 is oftey 2 oand 4 Is 3 Yo dhe 2" power
Wke 4 5 2 3o e 2 Mpower

al1)*+b{1)1C
4qq+ 1o +C
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100 -

75

Frequency
()]
o

Frequency Distribution for each Task — Grade 10
Grade 10- Differences

Differences

Mean: 4.66, S.D.: 2.12

25 4
0 [ ﬂ
0 1 2 3 4 5 6 7 8
O Frequency 18 7 36 14 94 67 35 30 45
Score
Score: 0 1 2 3 4 5 6 7 8
% <= 5.2% 7.2% 17.6% | 21.7% | 48.8% | 68.2% | 78.3% | 87.0% | 100.0%
% > = 100.0% | 94.8% | 92.8% | 82.4% | 78.3% | 51.2% | 51.2% | 21.7% | 13.0%

The maximum score available for this task was 8 points.

The cut score for a level 3 response, meets standards, was 4 points.

Most students (93%) could fill in the values for the first differences in the first table.

Many students (79%) could fill in both the 1 and 2™ differences in the table. A little
more than half could also fill in the values using algebraic notation in part 4. 22% could
fill in both tables and find the values for a,b, and ¢ in the formula an*+tbn+c. 13% of the
students met all the demands of the task. 5% of the students scored no points on this task.

About half of this group attempted the task.
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Differences

Points

Understandings

Misconceptions

0

Only about half the students with
this score attempted the problem.

Was time a factor in student success?

2

Most students could fill in the
numerical table of differences for
question 1.

There is some evidence that students
worked this pattern, using contextual
clues other than finding differences.
Students may have just counted by
sixes or seen that the bottom row was
all the same.

Students could fill in the table of
differences and extend it out to the
7" and 8™ terms.

25% of the students did not attempt
to explain why 9a+3b+c is the third
term in the algebraic sequence.
Almost 15% of the students used the
pattern of differences from the table
to find the expression, rather than
using the formula an*+bn+c. The
next most common error was to think
the a term just increased by 2 each
time.

Students could not explain how to
find the 3™ term in the algebraic
sequence even though they could fill
out the table. By not seeing the
significance of the formula, they
could not find the solution for a, b,
and c in part five. 34% of the
students did not attempt part 5.
Other students attempted to use an
equation with a squared value and
therefore could not use normal
methods for multiple equations to
solve for the unknowns.

Students could fill in numeric and
algebraic tables of differences,
extend the pattern, and find the
values for a,b, and c.

Students could not articulate why the
3" term was 9a+3b+c.

Students could fill in numeric and
algebraic tables of differences,
extend the pattern, and find the
values for a,b, and c. Students
could pick out useful segments of
the second table and use algebra to
solve for a,b, and c. They could
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also use substitution into the
formula to justify the 3™ term of the
sequence.

Questions for Reflection — Differences

Were your students willing to attempt question 3? Did they use the formula to
solve for the third term, did they use the pattern from the table to find the 3™ term,
or did they make some other argument?

What types of opportunities do students have to make justifications in class? Do
they have problems that help them apply their algebraic skills to make proofs or
justifications?

Could students use the information from the second table to set up equations to
solve for a,b, and ¢c? How many students are still relying on guess on check? Did
you students try to use an equation with a squared value to find the missing
values?

What other problems could you incorporate into your program to help students
maintain and practice algebraic skills while furthering their ability to make good
mathematical justifications?

Teacher Notes:

Implications for Instruction:

Students need to see the usefulness of using their algebraic skills as tools for solving
problems. Students need to have explicit experiences that help them transition from
guess and check to using equations. They need to have discussions about when and why
equations are more efficient than using guess and check as a strategy. Students should
frequently have problems that challenge their level of thinking and push them to make
mathematical justifications. Students need to see themselves as capable of tackling
unknown situations, as having a variety of tools to help them figure out things they have
not previously encountered. Students should be given frequent opportunities to solve rich
tasks that allow for a variety of solutions and to justify their solutions. At this grade level,
this self-image of being able to meet challenges is critical to their interest in mathematics
and in their choices about pursuing further mathematics.
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Teacher Notes:
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