Overall Frequency Distribution by Total Score

Grade 9
Mean=12.86; $.D.=6.32

150 4

125 4

75 4

Frequency

50

25 4

0 DDH LILILT, LILILIE LI, ‘H‘D‘H‘D‘DD‘D‘D‘D‘D‘:‘ =

0123 45678910 M1M1RBU1HB B T B 920 21222324 2526 27 28 29 30 31 32 33 35 36 37 40

Course One pg. 1



Level Frequency Distribution Chart and Frequency Distribution

2004 - Numbers of students tested in Grade 9: 1540
Grade 9 1999 and

2001
% at % at least % at % at least
Level | ('99) ('99) ('01)
1 37% 100% 22% 100%
2 43% 63% 62%
3 13% 20% 15%
4 7% 7% 1%
Grade 9 2002 - 2004
% at % at least % at % at least % at % at least
Level | ('02) ('02) ('03) ('04) ('04)
1 18% 100% 66% 100% 39% 100%
2 61% 82% 29% 39% 61%
3 20% 22% 5% 19% 23%
4 2% 2% 1% 3% 3%
600
500 4
400 A
g’_ 300
200

100 -

0 4

1

0-10 11-17 18-25 26-40
1 Minimal Success 2 Below Standard 3 At Standard 4 High Standard
‘l Frequency 596 595 297 52
| Frequency | 596 | 595 297 | 52 |
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Comparing Student Performance (cont.)

Grade
9
1999 2001
Percentag Percentag
Count e Count e
Level
1 639 36.9% 179 22.3%
Level
2 754 43.5% 496 61.8%
Level
3 219 12.6% 121 15.1%
Level
4 122 7.0% 6 0.7%
2002 2003 2004
Percentag Percentag Percentag
Count e Count e Count e
Level
1 109 17.5% 1139 65.6% 596 38.7%
Level
2 378 60.8% 501 28.9% 595 38.6%
Level
3 122 19.6% 84 4.8% 297 19.3%
Level
4 13 2.1% 12 0.7% 52 3.4%
Std.
N Mean Deviation
2000 1734 1.9 0.88
2001 802 1.94 0.63
2002 622 2.06 0.67
2003 1736 1.41 0.62
2004 1540 1.87 0.84

Fewer students took the test in 2001 and 2002 than in the other
administrations, so comparisons of 2001 and 2002 with the other
administrations should be treated with caution. No clear patterns emerge
in the 1999 to 2004 data. The percentage of students meeting standards
increased substantially from 2003 (5.5%) to 2004 (22.7%). The increase
in mean performance is statistically significant and corresponds to an
effect size of .55 standard deviation units.
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Course One Task 1 Square Patterns
Student Task Find and extend number patterns in a geometric context. Find
and use rules or formulas to solve problems.

Core Idea 1 Understand patterns, relations, and functions.

Functions and e Generalize patterns using explicitly defined functions.

Relations

Core Idea 3 Represent and analyze mathematical situations and

Algebraic structures using algebraic symbols.

Properties and e Use symbplic algebra to. represent and explain

R tations mathematical relationships.

epresentatio e Use symbolic expressions to represent relationships

arising from various contexts.
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Square Patterns

This problem gives you the chance to:
= work with a sequence of tile patterns

* write and use a formu

la

Mary has some white and gray square tiles.
She uses them to make a series of patterns hike these:

.

Pattern
#1

L

Pattern

#2

I_\

|
]

Pattern
#3

]

1. How many gray tiles does Mary need to make the next pattern?

_Ld

Explaim how you figured it out.

What is the total number of tiles she needs to make pattern number 67

3. Mary uses 48 tiles in all to make one of the patterns.

What is the number of the pattern she makes?

Show your work.

4. Write a formula for finding the total number of tiles Mary needs to make pattern # n.

Fubl=hed by CTEMcGravesil LLC. Copyright

by Mathomatics Assessment Resource Servica. All nghts resanied.

Course One

£ 2004

Page 2

Square Pattermns
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Mary now uses gray and white square tiles to make a different pattern.

Pattern Pattern Pattern
#1 #H2 #3

5. How many gray tiles will there be in pattern # 107

Explain how you figured it out.

6. Write an algebraic formula linking the pattern number, P, with the number of gray tiles, T.

Pubilishad by & TRMcGSrave il LLE. Sopyright £ 2004 Page 3 Square Patterns  Test 9
oy Mathematics Assessment Resource Serdce. All nghts resered.
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Square Patterns

Test 9 Rubric

The core elements of performance required by this task are:
« work with a sequence of tile patterns
* write and use a formula
section
Based on these, credit for specific aspects of performance should be assigned as follows: points points
1. Gives a correct answer: 12 1 |
2. Gives a correct answer: 24 1
Gives a correct explanation such as:
Pattern # 6 has 4 arms of length 5 and 4 squares i the middle. 1
or | multiplied the pattern number by 4. =
3. Gives a correct answer: 12 1
Shows correct work such as:
48 total tiles - 4 white tiles = 44 gray tiles
44 pray tiles = 4 = 11 tiles on each “arm”. 1
Add 1 to get pattern number.
or | divided the number of tiles by 4 to find the pattern number. A
4. Gives a correct formula: T =4(n -1) + 4 or equivalent T = 4n 1 |
5. Gives a correct answer: 120 1
(iives a correct explanation such as: 1
The large square has sides of length 11 and one square 1s white. A
6. Gives a correct formula such as:
P=N(T+1)-1 l
or or
T=P+1)y-1=PP+2) I
Accept equivalent formulas. 1
Total Points 9

Course One
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Looking at Student Work — Square Patterns

Student A is willing to experiment with patterns in a variety of ways to help
make sense of the relationships. In the beginning Student A uses drawings to
solve fore part 2 and 3. Then the student notices a pattern of adding four
every time and uses that relationship to verify the drawing. By doing all this
thinking about the relationships, the student is then able to come up with an
algebraic expression in part 4 to find for any pattern number. In part 5, the
student first notices the differences increase by consecutive odd numbers.
Then with further thinking about the pattern number, he sees that you square
one more than the pattern number and subtract one. It is interesting to see all
the stages of the student’s thinking.

Student A

Square Patterns

This problem gives you the chanca to:
« work with @ sequence of file patierns
« writa and use a formula

Mary has some white and gray square tiles,
She uses them to tnake a series of paterns like these:

sy

Fattern Pattamn Pattern . 4 "
#1 #Hz #3

1. How many gray tiles does Mary need to make the next patiern? . \/
2. What is the total nurnber of tiles she needs 1o make patiern number 67

Exglain how you figured it out. yASN \/

| dres Hae oodlecn foc *6, J

3. Mary uses 48 tiles in all to make ong of the patemns.

What is the number of the pattern she makes? ,L\J._

Lo+ = Lofet)
g Zans ED 4 o= e e

Rt w57 (4 W e K = e (g
*
.l 124v = sl (na)
4, Write a formula for finding the total number of tiles Mary needs to make patiem # n.

Show your work.

'. = Yoksd vumiore of Files. J
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Student A, part 2

Mary now uses gray and white square tiles to make a different pattern.
o o etz 25784 Ble= DS

A
“ .
K
Pattern Pattern Pattern g = ¥7vm
# #2 #3
5. How many gray tiles will there be in pattern # 10? V20 \/ f

Expkgin how you figured it out.

vooused M {atona (_1\:.-1-\\]2 -\ z £

6. Write an algebraic formula linking the pattern number, P, with the number of gray tiles, T.

pa) = v

Student B shows work in part three which recognizes that there are gray tiles
plus four white tiles. However in trying to define a rule, the student accounts
for the white tiles and knows that the gray tiles are 4 times some quantity.
Student B fails to describe the relationship of x to the pattern number. Student
B also does not seem to understand the variables described in the problem and
uses n for tiles instead of for the pattern number. In part 5 Student B notices
that each time the pattern increases, the next consecutive odd number is added
to the previous total. However the student makes no attempt to quantify this
addition in making an algebraic expression. Again the student does not seem
to understand variables, using p for the larger quantity and introducing an
undefined variable X.

Course One pg. 9



Student B

T e

R e w2
Pattern Pattern . Pattern
#1 #2 #3 4 5 o 7
t. How many gray tiles.does Mary need to make the next pattern?

17 g /!

A e

L FOMND HHQE 11O 910y fies (Creose 8y 4

CACH HME, So knein By Patery G THe ro ﬁmul

mo 20Qv0y 1les, (G0 Hhon | GDDep YHe Y

3. Mary uses 48 tiles in all to make one of the pattemng. \'\Mﬁ'e Jf I\PS 1_0 ma*"g w'j*
‘What is the number of the pattern she makes? #JZ v {

1 Wwe =Yy
Mg 2%, By %, ‘-tC'm (m-{ *udn s . .
+1 kg dg ap "G \‘\\*\’2// Y%
4. Write a formula for finding the total nutmber cktiles Mary needs o make pattern # p,

H+92=n X

2. What s the total number of tiles she needs (o make pattern number 67

Explain how you figured it cut,

D
y b3 o ¢
. % B % 99
% o3 % g9 %
Mary now vses gray and white square tiles to make a different pattern.
. I ya-
iasig 1@ 150109
3 . i P
= )
Pattern t 42 '!*5( )] ‘“7 :ﬁq; q | 81D
: §is |

5. How many gray tiles will there be in pattern # 147

Explain how you figured it out.

Qx SXEY 1 0DUNRED,BUY ARON 1P\ Y0p QU HHOH
R0 TS O 1P B ODD WERrS eacy Yige (¥3,+
Y,UC) §01w0S oRe T Db B Flstor

/
6. Write an algebraic formula linking the pattern nutnber, P, with the number of gray tiles, T,
" P':_\;X X o
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Student C gives a good description of the same pattern used by Student D. The
complexity of the pattern makes it too difficult for Student D to describe in terms of
variables. One common attempt to describe this pattern symbolically, was to say
p=T+2. Students are trying to use T as the previous total and are misusing p as a new

total rather than pattern number.

Student C
e 9\ "ed ub = ] 1
2 i | 1 L
> v ¢ w30 % P-I T M g
3 = «
b} 2 P'—l . = ~a g7
Skl A O T T
Mary now uses gray and white square tlles to make a different pattern. Py 1‘;"‘--9 <5
T ] ——
R e P g
p.- 15
1 o T
-8 &
Patt P i 160 + 2
aﬁem V- 10 — 1%l ri3
V= {al]
K
5. How many gray tiles will there be in pattern # 10?7 121 0

Explain how you figured it out.

CACK_QafCr QG Up TUD PAXD 1o 10 DOV
MAJ&L&MM%
hon  (atty % yacliod S0 e uou odded ¢ 1’0 QL+

A o ou alldeal T1€ X2y f0o et )
Ot - Wil 2o efT-

6. Write an algebraic formula linking the pattern number, P, with the number of gray tiles, T.

-~
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Student D experiments with the pattern by first drawing the pattern and then playing
with number sentences that will yield the total number of tiles. Student D may have
noticed a lower solid rectangle of p(p+1) and then a top row of p to give the total
number of tiles. Noticing how the pattern is drawn helps students to describe the
relationship symbolically.

Student D
10 10 ¥ = GORPYEEER!
Ox\i=  EE ]
T Jll | |
; 4] fFlil=
Mary now uses gray and white square tiles mhﬂeadlﬂ'erent?attem "-'-
. J|_"' T ) A
| =L

. K I

Pattarn Pattern Pattern
#3

a3t 4 ¥ FIO
= MO Ay
"

) [

5. How many gray tiles wiil there be in pattern # 107? =

Explain how you figured it out.
Qs Yhe ot aley dles ofe the Same of the
faltecn Numke and opiee down e mba(oiﬂe::/

"o Moce Han Hie Doxﬂ-et‘n ﬁt S0 lo X =lle bt Hen

LS rﬂetﬂ R o that Tecacse you b fo (ount e
(ollana  wairn Uhite  Squece pm it

6. Write an algebraic formula linking the pattern number, P, with the nurmber of gray tiles, T.
)

Ve

0. u=Hos )

19 \oﬂ)-ﬂo =\zo

T

\(\H>+l =5
;oY 12%3 .
3+~.j +3 =1% ’

Lnis-2
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Students had difficulty writing functions and tried to give recursive rules instead. For
example to describe the growth of the first pattern, students might right a rule like t=4
+p. In describing a recursive pattern in part 5 where the finite differences go up by
increasing odd numbers, students might write p=t+2.

Some students did not seem to understand the variables given in the problem.
For example a student in part 4 might use n for the total instead of using n for
the pattern number, giving the rule n=4x. Some students think that all
functions have the same rule and just substituted in the variable giving
y=nx+b. They weren’t bothered that x and b were undefined.

Some students are starting to make sense of the geometric context and how the
pattern is growing. For example Student E notices that the gray tiles are one
less than a perfect square. However, the student writes p=t>-1. The student is
not using the variables as defined in the problem and the student cannot
quantify how large the sides of the square should be.

Understanding how to describe the sides of the square by only using the
variables in the problem was difficult for students. Student F writes the sides
of the square are P+1 and T+1, but then does not use this to give a formula for
the total number of tiles. Student G redefines P from pattern number to an
area. P=(1 x w), so T=P-1. This is correct, but the Student G needs to
describe how to find the length and the width.
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Student H notices a good pattern of finding the area of the lower rectangle
(p+1)p and then adding the top row. However the student confuses P and T
within the equation.

Student H

Mary now uses gruy and white squate tifes to make a different pattern,

LA Yy RO S

E ‘ .gw\w‘f_uﬁ \=s

F'attsm
A2 S 2ol X A = s

5. How many gray tiles will there be in pattern # 107 !,'?-C )] ‘/
Explain how you figured it out.

E e
~ '
IASLAVCAVALATS o X W0

6. Write an algebraic formula linking the pattem number, P, with the number of gray tiles, T.

) P+T- =T

Teacher Notes:
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Frequency Distribution for each Task — Grade 9
Grade 9- Square Patterns

Square Patterns
Mean: 3.84, S.D.: 2.28

300 ~
250 -
200 -

150 ~ —

Frequency

100 ~

|

0

0O Frequency 130 147 183 217 258 241 171 97 59 37

Score

The maximum score available for this task is 9 points.
The cut score for a level 3 response is 5 points.

Most students (93%) could extend the first pattern from picture 4 to picture 5 and find
the total number of gray tiles. Many students (about 71%) could extend the pattern to
6 and find the total tiles. About 38% of the students could extend the first pattern,
work back from the total tiles to the pattern number. Only about 10% of the students
could use symbolic notation to make pattern generalization. 7% of all students scored
no points on this task. All students in the sample who scored zero attempted the
problem.

Course One pg. 15



Square Patterns

Points Understandings Misunderstandings

0 Almost all students attempted | Over 30% of all students thought that you

the problem. only needed 4 gray tiles for the next
pattern in part 1. They were thinking of
additional tiles instead of total gray tiles.

2 About half the students could | Most students who missed part two gave
extend the pattern to find the | the number of gray tiles needed for pattern
total number of tiles to make | 6 instead of the total number of tiles. The
pattern number 6 or they next most popular answer was 28 (thinking
could work backwards to find | the length of each leg was the same as the
the pattern number for 48 pattern number.) Students who missed part
tiles. three had trouble dealing with the four

middle tiles. They either picked one less,
forgetting that they had subtracted four
tiles, or they picked one more accounting
for the middle tiles twice.

5 Students with this score could | Students had difficulty describing a pattern
extend a pattern to find total use symbolic notation. 30% of all students
number of tiles or just gray did not even attempt to write an algebraic
tiles. They could also work expression for the first pattern. Many
backwards from total tiles to | students who attempted the expression did
pattern number. not understand the defined variables.

They may have added extra variables, like
4x + 4n, or just 4x. Other students used n
for the total instead of the pattern number,
such as n=4p.

7 Students could work Students could not use symbolic notation
successfully with both to make a formula for either rule. More
patterns, distinguishing than 40% of all students did not attempt to
between gray tiles and total write an expression for part 6. Most
tiles. Students could work students did not understand the use of
backwards to find pattern variables in part 6 or even the operation
number given the total involved. Of the remaining students, 24%
number of tiles. wrote expressions using addition or

subtraction only. Many students used p as
equal to some expression of z. Others put
p and ¢ on the same side of the equal sign.

8 Students could not complete an expression

for the second pattern.

9 Students could extend
patterns, work from total tiles
to pattern numbers, and write
algebraic formulas to
generalize the patterns.
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Questions for Reflection on Square Pattern

e  What do you think it is important for student to understand about variables?

e What opportunities or problems have students worked this year, where they
have to describe a pattern in symbolic notation? In these situations, was the
variable defined for them?

e Make a list of the expressions students used for questions 4 and 6. If you were
to sort these expressions into categories by types of misunderstandings how
would you label the categories?

For example in part 4, how is the misunderstanding for p= t+x different than
the misunderstanding for 4(p-1)? Which student is showing some
understanding of the situation?

In part 6, many students wrote p=t+1. What do you think they were looking
at in the pattern? In what ways might they have been making sense of the
pattern? What types of questions might push their thinking in ways that would
be more helpful to developing generalizations?

e  Why do you think students were so reluctant to attempt writing generalizations
or algebraic expressions? What activities might help them to develop this
skill?

¢ In the beginning of the algebra course, when students are being introduced to
variables, how do students learn to describe situations in terms of variables?
Do students have opportunities to discuss the number of variables needed to
describe a situation? Do students have the opportunity to discuss when one
variable is used versus two or three and why this might be important to solving
the problem?

Teacher Notes:

Implications for Instruction:

Students at this grade level should have frequent opportunities to use symbolic
notation to write or formulas for patterns or to describe a procedure for solving a
problem in context. Without the benefit of struggling with context, students often to
do not grasp the finer points of variables, like thinking about the relationship between
independent and dependent variables and understanding that equations are often
written in terms of doing calculations to one variable to find the value of the other.
By working in context, especially in a rich geometric context, students can see how
the different parts of their expressions relate to specific parts of the physical pattern.
Questions by the teacher, like what stays the same and what changes, help students to
identify and then to quantify the various parts of the patterns. Transference of
algebraic skills to useful applications cannot take place without dealing with
situations in context.
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Course One

Task 2 Population

Student Task Analyze a scatterplot for trend, graph a line represent average
density, graph specific point for a given piece of data, locate
points on a graph to meet criteria for largest population or
lowest density, and calculate density relationships.

Core Idea 5 e Understand the relationship between two sets of data,

Data Analysis display such data in a scatterplot, and describe trends

and shape of the plot including correlations.
e Make inferences based on the data and evaluate the
validity of conclusions drawn.

Core Idea 3 e Approximate and interpret rates of change from graphic

Algebraic and numeric data.

Properties and

Representations
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Population

This problem gives you the chance to:
* interpret a scatter plot
« select and perform operations

This graph shows the areas and the populations of some of the states of the USA.

Area and population of some states

35,000,000 4

30,000,000 L

25,000,000

20,000,000

1on

Populat

15,000,000

10,000,000

&
5,000,000 "_?"
|t
0 | o |
0

100,000 200,000 300,000 400,000 500,000 600,000

Area in square miles

1. Draw a circle around the point that represents the state with the largest population.

_l._l

Draw a square around the point that represents the state with lowest number of people per square
mile.

3. Describe the main features of the graph.

Publihed by G TRMcSravebill LLE. Copyright £ 2004 Page 4 Population Testd
by Mathematics Azsessment Resource Sardica. All nghts resenied.
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4. Draw an X on the graph to show the data for Michigan, with an area of 36,802 square miles and
a population of 9,295 277people.

5. Calculate the number of people per square mile in Michigan, giving your answer to the nearest
whole number.

6. The average number of people per square mile for the USA 1s 70, though no state actually has
exactly this population density.

Draw a straight line on the graph to show all the possible positions of points showing 70 people
per square mile.

7. The average state area is 68,000 square miles, though no state has exactly this area.
If a state with the average area had the average population density, what would its population be?

& The data in this graph is for the year 1990 Since then, what data will have stayved the same and
what data may have changed?

Publishad by GTRMcGraveHil LLE. Gopyright © 2004 Page 5 Population Testg
by Mathamatics Aszessment Resource Servica. All nights resaned.
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Population Test 9 Rubric
The core elements of performance required by this task are:
= interpret a scatter plot
» select and perform operations
section
Based on these, credit for specific aspects of performance should be assigned as follows points | poinis
1. Correct point circled. {160,000, 30,000,000) 1 |
2. Correct point boxed. (565,000, 500,000) 1 |
3. Makes a vahd point, for example:
There 15 no obvious correlation between area and population. 1
or or
Most states are closely grouped in the bottom left hand corner of the graph 1
but there are a few outhers.
or or
All states apart from two have an area less than 200,000 square miles. 1 |
4. Draws an X in correct position:
On horizontal axis 40,000 < X < 60, 000;
on vertical axis 8,000,000 < X < 10,000,000 1 i
5. Gives correct answer: 164 1
Accept 150 to 170 ]
6. Correct hine drawn: straight line through origin with gradient 70. 1 i
7. Gives correct answer: 4,760,000 1 |
8. Gives correct answer:
Areas will remain the same; and populations may have changed. 1 i
Total Points 8
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Looking at Student Work — Population

Student A makes very clear statements about part 3 about the subject of the
graph and trends in the data. Although the numbers are not shown, the points
on the line show that the line for part 6 was not random but based on the
specifics of density.

Student A

Population
This problem gives you the chance to:

= interpret a scatter plot
+ salect and perform operations

This graph shows the areas and the populations of some of the states of the USA.

Area and population of some states

35,000,000

30,000,000 +——

25,000,000

10,000,000

5,000,000 -

@

200,000 300,000 400,000

Area in square miles

500,000 600,00¢

~

-

1. Draw acircle around the point that represents the state with the largest population. ]

2. Draw a square around the point that represents the state with lowest number of people per square

mile.

3. Describe the main features of the graph.

SROWS AR K

X

3%}2&'&9 '(

AMNR o5 SOrad NS, ok OIS VK9 pwase

O, AR Gusdt 5,000,000 ke
&0,000. - 00,0 AMNES.
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Student A, part 2

4. Draw an X on the graph to show the data for Michigan, with an area of 56,802 scuare miles and
a population of 9,295, 27 7pecple. !

5. Caleylate the number of people per square mile in Michigan, giving your answer to the nearest

whole number,
v
Mo eophe ghvgyin

6. The average number of people per square mile for the USA is 10, though neo siate actually has
exactly this poputation density.

Draw a straight line on the graph to show all the possibie positions of points showing 70 people
per square mile,

7. The average state area is 68,000 square miies, though no state has exactly this area.
if & state with the average area had the average population density, what would its population be?

GHPOO -
P ‘?S A, 700,000
HG '/
G T '
k=T ToN :
Clks ~p0 4o =

8. The data in this graph is for the vear 1990, Since then, what dats will have stayed th
. , e same and
what data may have changed? " ’ °

TR Spdve wadfog0 _ab e eyt will
have S0ved e e | poud '_rlz_\@_gmklm/ (
N N n(died v G aosed,

]

Student B shows confusion about how to draw a line show 70 people per
square mile. There are two lines in the lower corner. One shows a vertical
trend in the data, but not connected with numerical values. The second line
shows a decreasing trend in the data, not connected with numerical values.
Student B does show calculations for #5 and #6.
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Student B

Population

This problam gives you the chance to:
« interpret a scatter plot
» salect and perforrn operations

This graph shows the areas and the populations of some of the states of the USA.

Area and population of some states

35,000,000

20,000,000

25,000,000

20,000,000 1—

15,000,000

Population

10,000,000

5,000,000

0 100,000 200,000 300,000 400,000 500,000 600,000

Area in square miies .
=

/

|. Draw a circle around the point thal represents the state with the largest population.
e

2. Draw a square around'the point that represents the state with lowest number of people per square /
mile.

3. Describe the main features of the graph.
A OFaph  SHons Pl 5*0*(0_%__ O LESE M0y
R0, 000 ppoptd  Top peuf 160000 SauaRY wiEs . |
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4. Draw an X on the graph 1o show the data for Michigan, with an arca of 56,802 square miles and /
a populetion of 9,295,277people.

5. Calculate the number of peopie per square mile in Michigan, giving your answer to the nearest

whole number.
MoPo .
cedbn®s 6os - L pROTIO X ¢

6. The average number of people per square mile for the USA is 70, though ne state actually has
exactly this population density.

Diraw a straight line on the graph to show all the possible positions of points showing 70 people O
per square mile.

" 7. The average state area is 68,000 square miles, though no state has exactly this area.
If a state with the average area had the average population density, what would its population be?

060 7 10 = _Hlegpoly”

8 The data in this graph is for the year 1994, Since then, what data will have stayed the same and
what data may have changed? g

0 fpen  wiwd ovP soNpd S saap ppeguse
PO w0 no NP Lond orded TvD <« DN [
whuld vOYP thonQpd $0 Stow A0k FEYO wdTOnor?
i A L A
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Many students had trouble discussing the trends in the data or thinking about the

meaning of the data. Student C just describes the content or topic of the graph in part

c. In part 8 the student is clearly not thinking about the meaning of the graph.
Student C also makes a common error in drawing the density line. The student

merely draws a horizontal line connecting the lowest populations, regardless of area.
The student misplaces the decimal in part 7.

Student C

Population

This problem gives you the chance to:
= jnterpret a scatter plot

= select and perforrn operations

This graph shows the areas and the populations of some of the states of the USA.

Area and population: of some states
35,000,000 T ~
30,000,000 +—
25,000,000 +————
£ 20,000,000 +——
s e
B 15.000000 |
10,000,000 -
5,000,000 .7'0‘— - —
I'O" i : LY aiiliignd
L I - — 7 :‘@:
¢ 100,000 200,600 300,000 400,000 500,000 600,000
Area in square rmiles
Lo}
1. Draw a circle around the point that represents the state with the largest pepulation. {

#
2. Draw 2 square sround the point that represents the state with lowest number of people per square \

mite.

3. Describe the main features of the graph.

the  Tnoun

Jeoires

e
A

The pophiehion

4

Lt

mioke _Mllu ®

T
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4, Draw an X on the graph to show the data for Michigan, with an arca of 56,802 squﬁ.i'e miies and
a poputation of 9,295,277 pecple.

5. Calculate the number of people per square mile in Michigan, giving your answer to the nearest

whaole number.
Gl lep O

6. The average number of people per square mile for the USA is 70, thaugh no state actually has
exactly this population deasity.

Diraw g straight line on the graph to show all the possible positions of peints showing 70 people
per square mite.
O

7. The average state area is 68,000 square miles, though no state has exactly this avea.
If a state with the average area had the average popuiation density, what would its poputation be?

47 cooop

8. The data in this graph is for the year 1990, Since then, whiat data will have stayed the safie and
what data may have changed? ) :

The dota would _hgver mcwamrﬁl&j Cho(r)&'aj_ Ns)

Many students did not understand the idea of density. They did not know how to
predict points for 70 people per square miles. About 1/3 of the students who missed
part 5 drew a horizontal line like Student D. About 1/3 of the students did not attempt
to draw a line. About 1/12 of the students drew a vertical line like Student E. 90% of
the students missed finding the lowest density in part 2 marked their papers like
Student D.
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Student D

Poputation

This problem gives you the chance to:
« irerpret & scatier plot
« galect and parferm operations

'!hisgmphshmﬁvemusandﬂnewpulatimsofsomenfths states of the USA.

Area and population of some states

30,000,000 1

10,000,000 1-

5,000,000 1

o ¥ 100,000 200,000 300,000 400,000 500,000 600,000

Area in square miles =

\

2. Draw a squarc around the point that represents the state with lowest numbat of people per square O
mile.

1. Draw acircle around the point that represents the state with the largest population.

 Describe the main featares of the graph. X

Course One
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Student E

Population

This prablem gives you the chance to:
* interpret a scatter plot
+ salect and perform operations

This graph shows the areas and the populations of some of the states of the USA.

Area and population of some states
35,000,000 7
30,000,000 +——¥-
25,000,000 1—
§ 20,000,000
5
.
2 15,000,000
10,000,000 fn
5,000,000 -
0 Z
e :
0 ' 100.0-00 200,000 300,000 400,000 500,000 00,000
Area in squzre miles .
L

1. Draw a circle around the point that represents the state with the largest population. ‘

»

2. Draw a square around the point that represents Lhe state with lowest number of people per square
mile. :
|

Describe the main features of the graph.

JPHJQM Mg brca, __ ~ X0

Teacher Notes:
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Frequency Distribution for Population

Population
Mean: 2.83, S.D.: 1.66

500 +

450

400 =

350
ey 300 + T
S —
g 250
=3
2 200 -
w

150

100 +

50
0 I:l =
0 1 2 3 4 5 6 7 8
O Frequency 68 271 416 306 213 152 78 26 10
Score

Score: 0 1 2 3 4 5 6 7 8
% <= 4.4% 22.0% | 49.0% | 68.9% | 82.7% | 92.6% | 97.7% | 99.4% | 100.0%
% > = 100.0% | 95.6% | 78.0% | 51.0% | 31.1% | 17.3% | 7.4% 2.3% 0.6%

The maximum score available for this task is 8 points.
The cut score for a level 3 response, meeting standards, is 4 points.

Most students (96%) could identify the point on the scatterplot representing the
largest population. About half the students could find the largest population, describe
the trend in the data, and explain which variable, population or area would change and
which would stay the same. About 30% of the students could find largest population,
describe data trends, discuss which variables would change, and calculate the
population density for Michigan. Less than 3% of the students could meet most of the
demands of the tasks. Drawing a line to represent a density of 70 people per square
mile and identifying trends in the data caused students at the top end the most
difficulty. About 4% of the students scored no points on the task. About half of them
attempted the problem.
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Population

Points Understandings Misunderstandings

0 About half the students with this Some students confused largest area
score attempted the problem. with largest population.

2 Students with this score could Students had trouble with the idea
identify the largest population and | of density (people per square mile).
could either plot a point for For lowest density they picked the
Michigan or explain which data lowest total population.
with change and which would
remain the same over time.

4 Students with this score could Students had difficulty calculating
identify the largest population, the density for Michigan. Wrong
discuss which data changed, plot a | answers ranged from 5 or 6 to
point on the graph and usually 400,000,000. Most students did not
calculate the number of people per | attempt this section. Of those that
square mile in Michigan. tried, 37% picked numbers under

100. 25% picked numbers over
1,000,000.

6 Students could identify and plot Students had difficulty finding the
points on the graph those population for an average size state.
representing density, students Most students, who missed this, did
could calculate the population for | not attempt the calculation. Of
a state with an average area. those who tried, the most common

error was 4 or 5 million. The next
most common error was 476,000.

8 Students could identify and plot Students had the most difficulty
points, describe the trend in the drawing a line to represent average
data, draw a line to represent density of 70. Most students drew a
average density, calculate density, | line horizontally across the bottom
and work backwards from density | of the graph connecting the two
to population. Students could also | lowest populations or drew a
recognize which data would vertical line at about 70,000 square
change over time and which would | miles. Students also had difficulty
stay the same. describing the data. Students made

statements about the labels and title
of the graph rather than trends in the
data.
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Questions for Reflection on Population

e  When looking at graphs, do students understand that graphs are made to
provide information? Do they look for ways to describe the shape and
meaning of the data?

e Students had difficulty calculating the number of people per square mile.
What types of calculation errors did students make? Were they picking
inappropriate operations, misplacing decimal points, rounding incorrectly?
What made this question difficult for students to interpret?

e  When approaching graphing, do students have the opportunity to discuss the
slope of a line in context? Do the have an opportunity to make a table of
values to graph a line with a given slope? What do you think contributed to
their difficulties graphing with a density of 70?7 What big ideas don’t they
understand?

e Look at your student papers. How many of your students left more than one
section of the task?

Did not Omitted Omitted Omitted Omitted Omitted
attempt the | part 4 part5 part 6 part 7 part 8
task

e  Why do you think students were unwilling or unable to tackle these parts of
the task? How do you develop the habit of mind for persistence in solving
math problems?

e Look at your student papers. How many of your students showed their
calculations or thinking for solving part 5, 6, and 7? Do you value students
showing their work? How do you communicate this value to students?

Teacher Notes:

Implications for Instruction:

Students need to think about using graphs in context as a tool for making sense of or
describing the world, for communicating information to an audience, and for making
predictions and decisions. By this grade level, students should be frequently moved
from the level of locating and identifying information on a graph, to finding
relationships in the data, and interpreting those relationships to draw inferences. At
this grade level, the expectation should be for students to synthesize information from
the graphs and be able to describe trends or highlight important ideas gained from
viewing data. Students at this grade level should also be comfortable with more
complex data sets, which show greater spread and variation or which deal with scaled
intervals as well as scaled frequencies.
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Course One

Task 3 From 2 to 3 Dimensions

Student Task | Reason about a net and how it would fold into a 3-dimensional
prism. Find the number of faces, edges, and vertices. Calculate
perimeter and area of net and volume of prism. Understand how
features in the net relate to features in the 3-dimensional object,
deciding which will remain and which will combine when folded.

Core Idea 4 Describe spatial relationships; develop mathematical arguments

Geometry about geometric relationships; understand measurable attributes

and of objects; and understand the units, systems, and process of

Measurement | measurement.
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From 2 to 3 Dimensions

This problem gives you the chance to:

= imagine a 3-D shape, given its 2-D net

» compare areas and lengths in the shape and its net

A net 1s a 2-D pattern that can be cut and folded to make a 3-D shape.
This 15 a net of a 3-D shape.

2 em

4 cm

dem

Imagime folding this net and making a 3-1 shape.

. How many faces would there be on this 3-D shape?

How many edges would there be on this 3-D shape?
How many corners would there be on this 3-D shape?

Published by ©TRMcGraveMil LLC. Copyright © 2004 Page & From 2 to 3 Dimensions Test 9

by Mathe matics. As=zczsment Resource Serdca. All nghts resarded.

Course One pg. 34



2. One student said there would be 14 corners on this 3-D shape.

The student 1s wrong! What mistake might this student have made?

3. Find the perimeter of the net in centimeters.

4. Find the area of the net in square centimeters.

5. The total area of this nei is the same as the total surface area of the 3-1 shape.
Explain why this 1s true.

6. The total length of all the edges of this nef is not the same as the total length of all the edges of
this 3-13 shape. Explain why this 1s true.

7. Find the volume of the 3-D shape in cubic centimeters.

Published by CTEMcGraveMil LLE. Copyright € 2004 Page 7 From 2 to 3 Dimensions Test 9
by Mathematics Assessment Resource Service. All nights resoraed,

Course One pg. 35



From 2 to 3 Dimensions Test 9 Rubric
The core elements of performance required by this task are:
= imagine a 3-D shape, given its 2-D net
* compare areas and lengths in the shape and its net
section
Based on these, credit for specific aspects of performance should be assigned as follows points | points
1. Gives three correct answers:
6 faces 12 edges 8 corners 2
Pariial credii
Two correct answers. (n -
2. Gives correct explanation such as;
The student may have counted every point on the net where lines/edges meet 1
as a COrner.
Accept any explanation that correctly leads to 14. |
3. (Gives correct answer: 48 cm 1 |
4. Gives correct answer: 112 em” 1 |
5. Gives correct explanation such as:
The net becomes the surface area of the 3D shape. 1 |
6. Gives correct explanation such as;
Sometimes two of the edges of the 2D shape come together to make a single 1 I
edge of the 3D shape.
7. Gives correct answer: 64 cm® 1
1
Total Points 8
Course One pg. 36




Looking at Student Work — From 2 to 3 Dimensions

Students had a very difficult time reasoning about a three-dimensional shape.
No students in the sample papers scored a perfect paper. Student A is one of
the few students who uses the model to help think about the situation and
calculate answers. Student A forgets one side when calculating perimeter and
has difficulty counting edges from the 3-dimensional sketch made at the
bottom right of the net.

Student A

From 2 to 3 Dimensions .

This problem gives you the chance 1o:
» imagine a 3-D shape, given its 2-D net _
~ compare areas and lengths in the shape and its net

A net is & 2-D pattern that can be cut and folded to make a 31% shape.

This is a net of a 3-I shape.
'-J;‘LC\J:L ‘L‘ﬁ\
e
N - .
| loct® _ f om
s QQY\;*
7& e 2nem’” Neem
o
v .- R
2 j it + EE 3

& 8em

Imnagine folding this net and making a 3-D shape. ~
hape? ‘ .

1. How many faces would there be on this 3-D s

e

How many edges would there be on this 3-D shape? 1 D ' )( : .
2 v

szwal:)imu:ﬁions Tet 8

How many comears wouid there be on this 3-D shape?

Publiatwd by GTEWEMNHA LG, Copynght € 2004 Page 8
oy MalrREICY Anhatamand Rescurm iy, A righity Temareld .
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Student A, part 2

Course One

2. One smudent said there would be 14 comers on this 3-D shape.
The student is wrong! What mistake might this student have made?

™D SNy QA Cobnvied @y, P RORbEs

v AN AOOROY |, 4nDy Lot nOr sorae QOPME
JOIN OANER ONEL Twliors i G Ty oy SER M

o ¢
3. Find the perimeter of the net in centimeters, LHO ™ X
4, Find the area of the net in square centimeters. 3 \‘1 N M-L\)
o RO Ay
- 22
AL g T

5. The total area of this set is the same as the total surface area of the 3-D shape.
Explain why this is {rue.

TG G TP BPCOUSE MDD e, wib waIPfi oa vOd-
C{OQ%WJ— 1 SE /v o YoeeR, \/

6. The total length of all the edges of this ner is not the same as the total length of all the edges of
this 3-0 shape, Explain why this is rue. kS

TS 18 4390 w000 s 0 Oes e ﬂo@pf\m A

VS rfy BRCHUNGMAOR Fvigia gl entd I Raes iy
CounyRd 68 one .

1 L
7. Find the volume of the 3-I3 shape in cubic centimeters. - _'?L_ 2 ChAs '\/

Lew W
2 Fh%‘) - EPY RN BN {Oq‘

raislhet by CTEMSCORI-H LLC. Copyghl © 2006 Page 7 From 2 to 3 Dimenskons  Tests
Ty Nptnaiion Amemsarnan sy Siivicn. AU rghty pprid,
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Student B also uses the diagram to help solve the problems. In part 3 the
student finds the perimeter of each rectangle in the net instead of thinking
about the perimeter of the whole shape. Student B is also one of the few
students to show all the calculations, which gives us insight into the types of
misunderstandings of students. Student B shows a good understanding of how
parts of the shape come together when the net is folded in part 2.

Student B
. A net i3 a 2-D patiern that can be cut and foldedéo make a 3-Ir shape.
This is anet of a 3-D shape.
e
N® )
. ®
1- @ 2em
{\ “. A= _ @ \Yl
® 2=
) D ks
. o &
Bom
Imagine folding this net and making a 3-I shape,
1. Hew many faces would there be on this 3-[7 shape?
]
'/
How many edges would there be on this 3-D shape? 16X
How many corners weuld there be on this 3-D shape? A )(
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Student B, part 2

{ 2. One student said there would be 14 corners on this 3-) shape.
The student is wrong! What mistake might this student have made?

Lo iy L\,_\er Pox AYe foo ides Yook (Db JGOG.QH@!" I Lo

e Lordh of fle Uc)K Heu ZAact 65 Yo arﬁec arg f,eoohred/
t"lmd"f}ﬁ -HQJ O~ wed 14 s 2,

3. Find the perimeter of the net in centimeters. M s,

2 4e G
7 TR O

N
4. Find the areaofthenet@a‘?,lluare centimeters. Wig mt ‘// ‘
31 e 2y
1 G ‘e L
%2 s Cl. ]
e Liq
G 4 Me
5. The total area of this net is the same as the total surface area of the 3-D shape.
Explain why this is tree.

Bemust Oph ot Sohirdy Mo o0me Gywmcont of RORC
L
antt Sipnly AN LA H L ot Cublbien o e aiuing.
A ' VI ) e L

6. The total length of all the edges of this net is not the same as the total length of all the edges of
this 3-D) shape. Explain why thls is true.

Mﬂ%ﬂ,-m.(- i+ 2 edaes Come degelor 4o o )
4 J J [vd

Milke Oy Docyar ‘[Eﬂj Hecetud nurheral dienn Hord S,

7. Find the volume of the 3-D shape in cubic centimeters, Yy Y
loh W=t A= |
e T @@
L
S ot
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Student C also uses a model to help solve the problem and show his thinking.
In part 4 the student puts the side flaps at the bottom of the net to simplify
finding the surface area. Note the 3-dimensional sketch used in part 7 to
calculate volume. Student C doesn’t have the words to help explain how the
area stays the same or the edges change in part 5 and 6.

Student C

2. One student said there would be 14 corers on this 3-D s.h.ape._
The student is wrong! What mistake might this student have made?

Hefdo w# (aigied When1+ (ag 2-) v |

3. Find the perimeter of the net in centimeters. __._@__/ }
2= 6
FETd !
4, Find the area of the net in square centimeters. L} 2 <em o

b
* 5. 1ié toral area of this re is the same as the total surface area of the 3-D shape.
Explain why this is true.

g‘_‘-‘d“%@ the aet hag He sanie Futiocs A o e
as the 23D *;'e‘f:‘«zfzg O

6. ‘n;e totat length of all the edges of this ner is not the same as the total lenzth of all the _&gcs of
this 3-D shape. Explain why this is true.

Beeawse the ;bth i cﬂ'gf"’&?r/' F’LL&ZS' x 0

7. Find the volume of the 3-D shape in cubic centimeters. . 4 ﬁ g.fo < /

e

Course One pg. 41



Student D shows more typical work. The student fills in answers with no
marks on the diagram or evidence of calculations used to solve part 3, 4, or 7.
Student D is not quite complete or accurate enough in the descriptions for part

2 and 6.

Student D

2. One student said there would be 14 comers on this 3-D shape.
The student is wrong! What mistake might this student have made?

They AT YOW_ QCCBOntdlly_ aOuntl
N X C

3. Find the perimeter of the net iz centimeters. - 2:2 m ,Z .
4. Find the area of the net in square centimeters, ':Q (-( { ml x :

5. The tqtai area of this nef is the same as the total surface area of the 3-D shupe,
Expiain why this is true.

MMIL A\ e save Tox |, ik VIS S

MQ@L-»#% OVORC wdd 8 19 %0 0 sl SN
"

6. The total tength of eli the edges of this ret is not the same as the total length of o
0 ! all the edges of
this 3-I} shape. Explain why this is true. ¢ e

TROUSE W% IECS O D VIR e
OIS SO W oL iR et ol fho glg&

i
7. Find the volyme of the 3-D shape in cubic centimeters. L fm-}:' \/

Teacher Notes:
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Frequency Distribution for each Task — Grade 9
Grade 9- From 2 to 3 Dimensions

From 2 to 3 Dimensions
Mean: 2.07, S.D.: 1.85

O Frequency

360

340

303

220

143

83

28

13

Score

Score:

0

1

2

3

4

5

8

% <=

23.4%

45.5%

65.1%

79.4%

88.7%

94.1%

97.3%

99.2%

100.0%

% >=

100.0%

76.6%

54.5%

34.9%

20.6%

11.3%

5.9%

2.7%

0.8%

The maximum score available for this task is 8 points.

The cut score for a level 3 response, meeting standards, is 4 points.

Many students (about 77%) could find the number of faces and the number of corners

in the 3-dimensional shape. About half the students could also find the number of
edges. About 21% of the students could find the number of faces and vertices, think
about how the net folds and explain why a student might miscount to get 14 corners

and why the surface area of the net and shape are the same, and find the volume. Less
than 1% of the students could meet all the demands of the task. More than 23% of the

students scored no points on this task. About 73% of those students attempted the

task.

Course One
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From 2 to 3 Dimensions

Points Understandings Misunderstandings

0 73% of the students with this score | Students could not think about how

attempted the task. the shape folded together to make a
prism. Most students could find the
number of faces. Common errors for
faces were 4, 12, and 5. 40% of the
incorrect responses for corners was
4.

1 Students could imagine the net as | Students had most difficulty
a 3-dimensional shape and count counting edges. 32% of the incorrect
the number of faces and corners. responses were 8 edges, 25% were 4

edges, and 10% were 6 and 10%
were 10.

2 Students could find the number of | Students had difficulty explaining
faces, edges, and corners in the 3- | why a student would count 14
dimensional shape. corners or why the area of the net

was the same as the surface area.
They often gave superficial answers
like the student miscounted or
restated the question in part 5.

4 Students could usually find faces | Most students who missed volume
and corners, think about how the did not attempt that part of task. The
net folds and explain why a range for volume was from 4 to
student might miscount to get 14 76,176 cm’. The most common error
corners and why the surface area | was a volume of 16 cm’.
of the net and shape are the same,
and find the volume.

6 Students could find faces, edges, Students had trouble calculating the
and corners. Reason about why a | perimeter of the net. Common errors
student would get 14 corners. included 24, 28, 32, 36, 44 and 56.
They could either find the area of | Common errors for area of the net
the net or explain why the area of | were 64, 16 and 32.
the net was the same as the surface
area.

7 Students could not calculate the

perimeter of the net.

8 Students could reason about how a
2-dimensional net folded into a
rectangular prism and find faces,
edges and corners. They could
explain how to count corners and
why the area of the net was the
same as the surface area of the
prism. They could use the
dimensions of the net to calculate
perimeter, area and volume.
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Questions for Reflection on From 2 to 3 Dimensions

e How many of your students could not find the number of edges for the 3-
dimensional shapes? What kinds of misconceptions about edges would have
led to the different errors that you saw?

¢ Does looking at the errors in explanations for 2, 5, and 6 give your insights
into students understanding or misunderstanding about how the net folds
together, show misunderstanding of geometrical terms, or inability to make
convincing mathematical arguments. What opportunities have students had to
explain why things happen or to reason about a situation?

Look at student work for perimeter. How many students:

Made no | Put less 24 28 32 35 44 or 50 or
response | than 24 46 more

What might have led students to make some of these common errors? How did
your students use diagrams to help them figure this out? Did your students show
their calculations?

Look at student work for area. How many of your students:

112 16 32 64 No response Other

What might have led students to make some of these common errors? How did
your students use diagrams to help them figure this out? Did your students show
their calculations?

e What types of activities or experiences help students develop the habit of
mind of persistence in solving difficult problems?

e How do students develop the value of documenting their calculations and
seeing a purpose for this?

Teacher Notes:
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Implications for Instruction:

Students at this grade level have been working on area, perimeter, edges and faces
since fourth and fifth grade. Students start working with 3-dimensional shapes around
fifth grade and volume as filling a shape, these ideas deepen in middle school to
include finding volume and surface area. At this grade level they should be
comfortable and fluent with simple geometric terms and be able to start making
convincing mathematical arguments. Frequent classroom discourse is an important
part to learning strategies for making mathematical arguments and being able to judge
the level of completeness necessary to make it convincing and to know if its will hold
for all cases. While geometry is not the main focus of mathematics at this grade level,
it provides a nice context for deepening students reasoning skills and developing their
logical thinking skills.

Teacher Notes:
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Course One

Task 4 Graphs

Student Convert description of a function from a context to equation and

Task graph. Match function descriptions and equations to their graphical
representation.

Core Idea 1 Understand patterns, relations, and functions.

Functions e Understand relations and functions and select, convert

and Relations

flexibly among, and use various representations for them.

Course One
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Graphs

This problem gives you the chance to:

- relate equations, descriptions and graphs of a relationship

On the opposite page are four graphs.

Below are four descriptions and four equations.

Choose the description and the equation that fits each graph.

Write the correct description and the correct equation under each graph.

Descriptions:

x 15 the width and y is the length of a rectangle with a constant perimeter.

x 15 the radius and y 1s the area of a circle.

x 15 the length and v is the width of a rectangle with a constant area.

x 15 the radius and y 1s the circumference of a circle.

Equations:

k
Y=—

x
y=kx
y = kx’
y=k-x

In each equation, k15 a fixed number,

1. Explain how you made your choices.

Published by CTEMcSraveill LLE. Gopyright € 2004
by Mathematios Assessment Resource Serdce. Al ights resered.

Course One
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Graph A

Description

Equation

Graph C

¥

Description

Equation

Publehed by CTRMeGraveHil LLC. Copyright © 3004
by Mathamatics Assessment Resource Servce. All nghts resanved.

Course One

Graph B
¥
X
Description
Equation
Graph D
L
X
Description
Equation
Page 9 Graphs Test9
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Graphs Test 9 Rubric

The core elements of performance required by this task are:
* relate equations, descriptions and graphs of a relafionship

Based on these, credit for specific aspects of performance should be assigned as follows

section
points | points

1. Gives correct explanations such as:
Graphs A and B are straight lines.

Graphs C and D are curves.
Graphs B and C pass through the origin.
Graph D the axes are asymptotes.

Any correct statement about the mathematics 1 point.

i max
1

[~

Correct allocation of descriptions and equations to graphs.

Graph A

x 15 the width and v is the length of a rectangle with a constant perimeter.
y=k-x

Graph B

x 15 the radius and y is the circumference of a circle.

y=kx

Graph C

x 15 the radius and y is the area of a circle.

y=kx

Graph D

x 15 the length and y 15 the width of a rectangle with a constant area.
'l‘.

Y= —
S

Max 4 points for correct descriptions.
Max 3 points for correct equations.

Max
7

Total Points

8

Course One
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Looking at Student Work — Graphs

Out of 165 students in the sample, no student scored above a 5. No student showed
evidence of trying to write out an equation to match the descriptions given in the
problem. No student in the sample showed evidence of making a t-chart to put in
values for x and y to match and help graph the equations given in the problem.

Student A is a typical 5 paper. The student could not articulate using
mathematics to think about how to match descriptions or equations to their
graphs. The student is able to correctly identify all 4 equations, but struggles
with understanding the descriptions.

Student A

Descriptions:

x is the width and v is the lengrh of a rectangle with a constant perimeter.

x is the radius and y is the arza of a circle.
% i8 the length and v is the width of a rectangle with a eonstant area.

x is the radius and ¥ is the circumference of a circle.

Equations:
y=y
y=kx
y=kx
ymk-x
In each equation, & is a fixed number.

1. Explain how you made your choicgs.
1

+1
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Student A, part 2
Graph A Graph B

¥

x
x
Description % _{=> e Wi y Description _x_{S 412 vodivg

S e \Q‘wl"' o o R tg Chod i) adr
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Graph C Graph D
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x x
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iptton S X .
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oL M S W CalunmnGiOvee g S e ik gl
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. -
Equation J%": \éX v Equation LA% X v
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Student B also states, “I guessed. I’ve never seen this before.” The student is
able to correctly guess all the equations, but misses all the descriptors.

Student B
Graph A Graph B
¥ ¥

Description % 1S tho width & Deseription _%_31.5 tThu lEFl
I8t fong bk of o re’ v ¢ H Ay
1 4 S ! 1C_ Tl widH» »

vt ,&\—r’\—“’i’k"; taion N Z¥ X

G
raph ¢ Graph D
4 ¥

xr .
X

- o
Description |, 5 Y—Ux.dd\/lt‘g Description _ Y Lg mdi)clll_(
. I '
VIS v fwmberenty, y ¢ A cunmg oy
ol 4 Nt 7

H ‘?( Equation ! Y
Fs . .
y =kx*

Student C expresses the idea of thinking about whether the equations are going
to be increasing or decreasing. In examining the error patterns, it seems many
students were able to make this level of distinction between the equations and

the graphs. However this only gave them a 50% chance of being right. It also
does help students to think about the matching descriptors to the graph.

Equation
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Student C
In each equation, X is a fixed number.

1. Explain how you made your choices. )( D
FIRSY | weOt® Whoinie & w05 mwPpsp en disdet, Tohi,
L vDMOMS 0T and wumprs and  poar b w kg et

“
EFO?, ‘H"‘e d?%-?‘?"’m” \ &_\A{)qu\_i el ot ?.'Y‘_--‘{U'Qﬂ Wﬂbgq}'\&‘\lﬂ
WO OR0ph 1F wOULT ToPuYe mooe

Graph A Graph B

T

. & x
Description ' +5 ¥V€, O-Opn ot Description M 15 i=g W %
N g awpondha 8B RPCONY g P DR 0 REGS NAY

e VTMALA X ) X LYy f a (‘-gp.(,‘*—&hh{r PQQ_\W.\,.P?_ .
Equation 1= X Equafion _ Y75~ \;{ X
Graph C Graph D

L) ¥
L
— <

Description & 'S ¥ W UG, U""_d. N Deseripion X \S 300G US )‘/
S0 OPm el 6 fedp YT awd NS Y S R0UM FeeenCe
A TR "

Equation \L'?(L"' \f( v Equation _ N : X X
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Some students, like D and E, did not use the equations and/ or descriptions
provided in the prompt. Student D tries to describe the shape of the graphs
and make up equations. Student E also describes the shape of the graph.

Student D

Graph A
. Graph B

Equmml@\ Equatim

Graph C _
. Graph D
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Student E

Graph A Graph B
y - Y
x X
Description __ ¥ =, /A Description _3C__ \WiWYE
muuq\,\f* X woepse quic‘f—bﬂ X
Bawion vz VW X Bqution __ N ¥ x7T
' -
Graph C Graph D
Y . 4
7 -
Description W0 WONE  WNCL0SE  Deseripion Mep \eeL. .
\ X i
Qeadusiivy AR (o Qowly.
Equstion LE\)’“ Y"k!_ v Equation %:\(— R X

Teacher Notes:
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Frequency Distribution for each Task — Grade 9
Grade 9- Graphs

Graphs
Mean: 1.10, S.D.: 1.47

900 -

800 4

700 -

600 -
>
2 500
S
g 400 -
* 300 -

200

100 - H

0 B =
0 1 2 3 4 5 6 8
O Frequency 804 245 221 156 62 36 8 4
Score

Score: 0 1 2 3 4 5 6 7 8
% <= 52.2% 68.1% | 82.5% | 92.6% | 96.6% | 99.0% | 99.5% | 99.7% | 100.0%
% > = 100.0% | 47.8% | 31.9% | 17.5% 7.4% 31.9% 1.0% 0.5% 0.3%

The maximum score available for this task is 8 points.

The cut score for a level 3 response, meeting standards, is 3 points.

About half the students could give a description for either graph A or C or give an
equation for B or C. A little less than 20% of the students could correctly identify a
couple of the descriptions and at least one equation. Less than 1% could match all the
descriptions and equations. Over 52% of the students scored no points on this task.
32% of them attempted the task. 46% did not attempt this task, but were willing to
attempt the task following graphs. 22% did not attempt this task or the final task of

the exam.
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Graphs

Points | Understandings Misunderstandings

0 Only 32% of the students with Students in the entire sample did not

this score attempted the task. seem to have a strategy for connecting
the equations or descriptions to the
graphs. Students seemed to imply in
part 1 that they guessed. There is an
underlying belief that they should just
know it without doing any work.
Math answers are quick.

1 The easiest answers for students | Students did not show evidence of
were the descriptions for A and | trying to write equations for the
C or the equation for C. descriptions or of making t-charts of

values for x and y to help match
equations to graphs.

3 Students with this score could Some students seemed to know which
generally match two descriptions | equations would create graphs with
and one equation. Their correct | positive or negative slopes, but then
descriptions were not necessarily | did not necessarily make the
the same as their correct appropriate guess between the two
equation. choices.

5 Students could generally identify
all of the correct equations and
only two correct descriptions.

6/7 No students in the sample had this
score.

8 Less than 1% of the students The equations and descriptions about
could describe correctly how circumference and constant area were
they matched descriptions and most difficult for students to think
equations to graphs and then about.
successfully match all the
descriptions and equations to the
4 given graphs.
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Questions for Reflection on Graphs

e How is graphing taught in your classroom?

e Do students have the opportunity to make t-charts for x and y values to help
plot graphs?

e Do students have the opportunity to talk about how the equations for curves
are different from the equations for straight lines?

e What type of student work would you have expected to see from students to
help solve this problem or as a rationale for part 1? Why do you think
students tried to guess instead of using mathematics to work out the correct
solutions?

e  Why do you think so few students were willing to even attempt the problem
when all the answers were given?

e  Why do you think students didn’t see a connection between the graphs in the
problem and the types of graphs in their textbooks?

e  What types of problems or investigations have students done this year that
might have developed the type of logic or strategies needed to solve this task?
What other resources do you have that might have these types of problems or
investigations?

Look at the papers for your best student. Was there anything significant between the
types of responses they gave and those responses for other students in the classroom?

Teacher Notes:

Implications for Instruction:

Students need to be able to make connections between multiple representations of the
same idea. They should have frequent opportunities to work with situations, turn
those situations into equations, and make graphs from the equations. In reading the
sample, students did not show evidence of trying to turn the words in the descriptions
into equations. No student in the sample attempted to make a t-chart of values for any
of the equations to help them match the equation to a graphic representation.

Learning skills without being able to make connections is not helpful in transferring
knowledge to any application outside the classroom. Students working in elementary
algebra should be quite fluid with this level of making connections.

Teacher Notes:
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Course One

Task 5 Fibonacci Sequences

Student Task Extend a pattern, work a pattern backwards, and generate a
sequence using a given pattern. Add and divide algebraic terms
with two variables, solve simultaneous equations and use
substitution to find missing expressions.

Core Idea 1 Understand patterns, relations, and functions.

Functions and

Relations

Core Idea 3 Represent and analyze mathematical situations and structures

Algebraic using algebraic symbols.

Properties and

Representations
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Fibonacci Sequences

This problem gives you the chance to:
= work with algebra to solve number problems

Here is a Fibonacel sequence.

[ 2| s | 7 ] 2] 10] 3|

To make a Fibonacci sequence you write two numbers.
To get the next number you add your first two numbers.

Then you continue in this way. 5+7=12

1. Here are two different Fibonacci sequences.

T+12=19 etc.

In the empty boxes, write the two missing numbers in each of these sequences.

!.«_I

Write the first six numbers of your own Fibonacci sequence.

3. Here are the first six terms of a Fibonacci sequence

-

| X | v | x+3 | x+2y 2x+3

LN

X

Add these six terms and simplify vour answer.

Complete the following sentence.

This shows that the sum of the first six terms is alwavs

Publizhed by & TEMcSraveHil LLE. Gopyright £ 3004 Page 10
by Mathematics Assessment Resource Servce. All nghts resered.

Course One

weennes times the fifth term.

Fibonacci Sequences Test9
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4. Below are two numbers of a Fibonaccn sequence.

L1 fe [ Juz [ ]

We can write two equations linking the expressions on the previous page and the numbers in the
boxes above.

These two equations are:
x+y=6 and 2x+3y=17

By solving these two equations simultaneously, find the values of x and y.

Then fill in the empty boxes in the sequence above, and check that they fit the Fibonacei pattern.

Publishod by CTRMeGraw-Hil LLC. Gopyright © 2004 Page 11 Fibonacci Sequences Test§
by Mathamatics Azsessment Resource Sorvica. Al ights resarded.
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Fibonacci Sequences Test 9 Rubric

The core elements of performance required by this task are:
+ work with algebra to solve number problems

section
Based on these, credit for specific aspects of perfformance could be assigned as follows points | poinis
1. Gives correct answers: 18 and 29 1
6and 17 1
2
2. Gives a correct sequence. 1
1
3. Gives correct answer: 8x + 12y 1
Gives correct answer: four 1
2
4. Writes a correct sequence: 1,5, ..., 11, ... ,28 1
Shows that x = 1 and y = 5 are solutions to the equation. 1
2
Total Points i
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Looking at Student Work on Fibonacci Sequences

Student A solved all the parts of the task. The student was able to combine terms
successfully in part 3 of the task. However the student did not solve part 4 using
simultaneous equations. Student A appears to have used a combination of guess and

check and substitution.

Student A

Flbonacci Sequences

This problem gives you the chance to:
* work with algebra to solve number problems

Here is 2 Fibonacci sequence.

L2 3 5 77Tz 1is 3 |

To make a Fibonacci sequence you write two numbers, 2 and 5
To get the next number you add your first two numbars, 2+5=7
Then you continee in this way. 5+7=12 T+12=19 etc.

}. Here are two different Fibonacei sequences,
In the empty boxes, write the two missing numbers in sach of these gequences.

I T 7 Tl 34 «

I Y T N N T

2. Write the first six numbers of your own Fibonacei sequence.

LAV [Z T35 1% 1 v

3. Here are the first six terms of 2 Fibonacei sequence

[« [ ¥ [ x+y lx+2y Trr+3y |32 + 5%

Add these six terms and simplif;}: YOUT ARswer. - /
RENRTRE U v r TN F 2R DY A N

BX r-\l\ﬁ,/ '

Complete the foilowing sentence.

ws that the sum of the flrst six terms is always ... times the fifth term.

v
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4, Beiow are two numbers of a Fibonacei sequence.
(AT &afs TOWTE TR] v

We can write two equations linking the expressions on the previous page and the numbers in the
boxes above.

These two equations are:
rx+y=6 and 2x+3y=17
By solving these two equations simubtaneously, find the values of x and 3

Then fill ir: the empty boxes in the sequence above, and check-that they fit the Fibonacci pattern.
H= @ 2B+ BB

b=l Lok q/'f \i
hal=te  2(4)r (2 Vi
G f Vi
xS T e Q{_\) * ?)L(i:’\‘: \ /
3 [ \(‘:) = '\—f

G i \7 7N

Student B can combine like terms in part 3. Student B does not use guess and test to
solve for part 4, but again uses guess and check and substitution.

Student B

3. Here are the first six terms of a Fibonacci sequence

[ [ » { x+y  |x+2y [2x+3p [3e+Sy |

Add these six terms and siin plify your answer,

4] K Hoe +29) r (20 %¥3Y) ¥ R¥45Y)
> /x4y . !'

Complete the following sentence. .

This shows that the sum of the first six terms is always .......... times the Afth term.

o
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Student B, part 2

4. Relow are two numbers of T Fibonacei sequence.
16 [ 11T17 T4

We can write two equations linking the expressions on the previous page and the numbers in the
boxes above.

These two equations are: '){ = l W

x+y=6 and 2x+3y=17 \{._,S

'l

By solving these two equations simultaneausly, find the values of x and y.

Then fiHl in the empty boxes in the sequence above, and check that they fit the Fibonacci patiern,

Y»r¥Yy-e 2 = ¢ \ 7
w ey =@ =

.
3t3-¢ It -
E >

LAY - lo
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Student C gives shows another example of using substitution to find the missing
numbers in the sequence. Student C

¢

E !

¢ 4. Below are two numbers of a Fibonacei sequence. By

<y

Ly 15 T Ti1 T [29]

St

We can write two equations linking the expressions on the previous page and the numbers in the
boxes above.

These swo equations are:
x+y=6 and 2x+3y=17
By solving thest two e<quations simultaneousty, find the vatues of x and y.

Then fill in the empiy boxes in the sequence above, and check that they fit the Fiboracei pattern.

: &/‘L"-{Té’ . 2}( "|"35.’1|:”_ )7
l v 2t +36)

| 11526 9415 = 17
: v

—

Some students do not know how to combine like terms. Student C gets
exponents when adding like terms in part 3. Student D gets exponents when
adding the equations in part 4.

Student C
- o v w L LOAUCT SEQUETICE

L= Ey x+y | x+ 2y [ 2x + 3y !3x+5y_]

Add these §iX terms and simplify your answer,

¥4 Ty -

p—
-

KPT I S
= R T .5.\'"(?"-«2{ ‘
Complete the fol lowing sentence,

This sbows that the snm nf sha o o ..
Student D

“Fhen fil} in the empty boxes in the sequence sbove, and check that they fit the Fibonacci pattern.

Y4y T ‘IX'F'B‘/V: 17
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Student E does not seem to understand the pattern on the first page. The student tries
increasing the difference by 1 in the first sequence (starting with +3, +4, +5, +6). In
the sequence in part 2 the student is just adding on by 2’s. The student tries to use the
numbers from the incorrect first sequence to estimate the times 5 in the 5" term. In
part 4, Student E is one of the few students who uses simultaneous equations to solve

x and y. However, because the student does not see the pattern he can’t use it to fill in
the sequence.

Student E

—

. Here are two different Fibonacei sequences.

In the empty boxes, write the two missing numbers in each of these seauences, <

L3 |4} 7 _Z'é e

AR

e 3
(31 T !28}45})J . /¢s
_ 2 0
. . X &
2. Writc the first six numbers of your own Fibonacei sequence. ?
(CTITCIE TN ]) -4 p
63 xS
3. Here are the first 5ix terms of 3 Fibonacei sequence ‘é O
L x |y {xty Tx+3y [2x+3y [3x+5p | ?(9
. Se
Add these six terms and simplify your answer. Eo\g
o .
/ .

*

Complete the foliowing sentence.

This shows that the sum of the first six terms Is slways .o%..... times the fifth term,

D
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4. Below are two numbers of a Fibonacci sequence.

< 2

L4 J6 [T Jw T 1]
We can write two equations linking the expressions on the previous page and the numbers in the
boxes above,
These two equations are;

x+y=6 and 2x+y=17
By solving these two equations simultaneously, find the values of x and y.

Then fill in the empty boxes in the sequence above, and check that they fit-the Fibonacei pattern.

y = 21l Tx t 3(-x+6d=[7
X T —y4+E X B F UL =D

g v
— T T T e F F‘-)( - —
Csti=¢ ¥ )
e QLV\:G Ut By =(>
S X 7
3y= 15

Teacher Notes:
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Frequency Distribution for each Task — Grade 9
Grade 9- Fibonacci Sequences

Fibonacci Sequences
Mean: 3.02, S.D.: 2.09

400
350 4 ——

300 ]
250

200 —

Frequency

150

100 -
50
0

0O Frequency 347 71 118 301 322 198 117 66

Score

Score: 0 1 2 3 4 5 6 7
% <= 225% | 27.1% | 34.8% | 54.4% | 75.3% | 88.1% | 95.7% | 100.0%
% >= 100.0% | 77.5% | 72.9% | 65.2% | 45.6% | 24.7% | 11.9% | 65.2%

The maximum score available for this task is 7 points.
The cut score for a level 3 response, meeting standards, is 3 points.

Many students (about 78%) could solve the 2™ sequence in part one or combine like
terms in part 3. Many students (about 73%) could fill in both sequences in part 1.
More than half the students (65%) could fill in the sequence in part 1 and part 2 or in
part 1 and part 4. A little less than half the students (45%) could fill in all the
sequences in part 1, 2 and 4. About 6.5% of the students could meet all the demands
of the task, including using guess and check, substitution, or solving simultaneous
equations to find a value for x and y in part 4. Almost 23% of the students scored no
points on this task. 41% of the students with this score attempted the task.
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Fibonacci Sequences

Points | Understandings

Misunderstandings

0 About 40% of the students with
this score attempted the problem.

Students did not use the rule to extend
the pattern. They may have seen a
pattern of increasing differences or a
constant difference of 5 or 6. When
making their own sequence they may
have just counted by 2’s.

1 Students with this score could
generally work the pattern
backward to fill in the 2™
sequence in part 1 or they could
combine like terms in part 3.

Some students made exponents when
adding x’s or y’s together in part 3.
Others did not add all the terms in the
sequence, maybe stopping after the 5t
term.

2 Students use the pattern to fill in
the sequences in part 1.

Students did not use this pattern when
making their own sequences.

3 Students could use the pattern to
fill in sequences and either make
their own sequence or fill in
sequence 4.

Many students did not attempt
sequence 4 or did not try part 3 of the
task.

4 Students could use the pattern to
fill in sequences in part 1 and 4,
and write their own sequence.

Students could not use algebraic
symbols to combine like terms or to
solve simultaneous equations.

6 Students could fill in sequences,
make their own sequence, combine
like terms, and divide one
algebraic expression into another.

Students used some form of guess and
check and mental math to fill in the
sequence in 4. They showed no
evidence or incorrect evidence of
solving the equations provided.

7 Students with this score could fill
in sequences, combine like terms,
divide with algebraic expressions,
and use guess and check,
substitution, or solving
simultaneous equations to find a
value for x and y in part 4.

Most students with this score used
guess and check or substitution to
solve for x and y in part 4. There was
little evidence of understanding of
how to solve simultaneous equations.

Course One

pg. 71




Questions for Reflection on Fibonacci Sequences

e How many of your students could use the rules provided to fill in the
Fibonacci sequences in part 1?

e Do your students get frequent opportunities to look at sequences or patterns
and try to find rules about how they work?

e Could students combine like terms in part 3? How many of them had
solutions with exponents? How many were unwilling to attempt this part of
the task?

e What evidence did you see of practical application of algebra skills in part 4?

How many of your students in part 4:

Solved the | Used Used Solved for x | Made Did not

sequence guess and | substitution | and y using | severe attempt the

with no check simultaneous | algebraic task or part

work equations errors 4 of the
task

e Were you surprised that students didn’t attempt to use algebra to solve for
x and y? What experiences have students had solving problems with
simultaneous equations in context? What activities help students to see the
efficiency and convenience of using algebra over guess and check?

Teacher Notes:

Implications for Instruction:

Students at this grade level should be comfortable solving simple equations with two
unknowns. They should have some basic sense-making around the equations that
allows them to use strategies like guess and check. But, at this point they should start
to be able to use other strategies for solving two equations with two unknowns. They
should begin to demonstrate transference from algebraic skills and symbol
manipulation into problem-solving tools. Students should also develop a norm around
solving equations of substituting values back into the original equations to see if the
values are correct or meet the constraints of the problem.
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Teacher Notes:
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