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Balanced Assessment Test –Geometry 2009 
 

Core Idea Task 
Geometry and Measurement Triangles 
This task asks students to show their understanding of geometry by finding the number of 
rotations of triangle to make a polygon.  Students are asked to explain their thinking 
using knowledge about angle relationships. 
Geometric Formulas and 
Measurement 

Hanging Baskets 

This task asks students to work with volumes of pyramids and hemispheres. 
Mathematical Reasoning Pentagon 
This task asks students to use mathematical reasoning and proof to explain similarity and 
congruence in embedded geometric figures.  Successful students proved equality using 
geometric properties, rather than relying on the visual diagram to assume relationships.  
Successful students thought about all the steps needed to complete an argument. 
Geometry and Measurement/ Algebra Circle Pattern 
This task asks students to explore fraction patterns in the context of area of a circle. 
Successful students were able to use algebra to calculate the change in area and note 
salient features of the numeric pattern. 
Geometry/ Measurement and 
Mathematical Reasoning 

Circle and Squares 

This task asks students to use geometric properties to find the angles of geometric figures 
formed by overlapping squares. Successful students could also make mathematical 
arguments about parallel sides, using arguments about congruency and similarity. 
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Triangles 
This problem gives you the chance to: 
• show your understanding of geometry 
• explain your reasoning 
 
  
This diagram shows a right triangle with  
angles of 60° and 30°. 
 
 
 
 
 
The second diagram shows five copies of the same triangle fitted together. 
If this continues, a regular polygon with a hole in the middle will be formed. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Use the angles of the triangle to calculate the number of sides the regular polygon will have.  
Explain all your reasoning carefully.  
_____________________________________________________________________________ 

_____________________________________________________________________________ 

_____________________________________________________________________________ 
 
_____________________________________________________________________________ 

_____________________________________________________________________________ 

_____________________________________________________________________________ 
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2009 Rubrics Grade 10 
 
Triangles Rubric 
 
The core elements of performance required by this task are: 
• show your understanding of geometry 
• explain your reasoning 
 
Based on these, credit for specific aspects of performance should be assigned as follows 

 
 
 
 

points 

 
 
 

section 
points 

1. Gives correct answers: 12 sides 
Gives correct explanation which may involve the external angles of the 
polygon. 
Partial credit 
Incomplete explanation 
                                       

2 
 

3 
 

(1) 

 
 

 
 

5 

 Total Points   5 
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Triangles 
Work the task and look at the rubric.  What are the key mathematical ideas that a student needs to 
use to be successful on this task?______________________________________ 
 
 
 
 
Look at student work.  How many of your students put: 

12 10 16 Other 
    

For this task there were 3 solution strategies used by successful students. How many of your 
students used these strategies: 

• Exterior angles to add to 360° (360°/30°)?________________ 
• Finding a common multiple of 180° and 150°(a regular polygon has equal interior 

angles)?____________ 
• Using the formula 180(n-2)/n = size of the interior angle for a regular 

polygon?_____________ 
When you looked at student work, what was missing in their explanations that you would like to 
have seen? 
 
 
 
 
 
 
What are some of the strategies used by unsuccessful students?  What misconceptions do these 
strategies show? 
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Looking at Student Work on Triangles 
Student A is able to use a formula for exterior angles to solve the task.  The student uses the diagram 
as a tool to mark in sides, extend angles, and think about the given information.  
Student A 
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While Student A seemed to just know a formula, Student B is able to arrive at the correct answer by 
using prior knowledge to come up with the same solution. 
Student B 
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Student C uses a different approach.  The student knows that polygons can divided into an even 
number of triangles to find the total degrees in the polygon.  Using this knowledge and the size of 
the interior angles, the student can find the number of sides. 
Student C 
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Student D uses a similar solution strategy to reason about the number of sides, developing the logic 
into a formula. 
Student D 

 
Student E is able to pull the formula from memory. 
Student E 
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Student F is able to find the answer, but is unable to fully describe how he got the answer.  The 
student may have used the diagram to guess about the number of triangles or may have used a 
successful strategy. 
Student F 

 
Student G misinterprets the diagram, putting the 60° angle in the wrong location.  The student then 
tries to work with the wrong interior angle. 
Student G 
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Geometry  Task 1      Triangles  
 
Student Task Show understanding of geometry and explain reasoning in a problem 

situation. 
Core Idea 4 
Geometry and 
Measurement 

Analyze characteristics and properties of two-dimensional 
geometric shapes; develop mathematical arguments about 
geometric relationships; and apply appropriate techniques, tools, 
and formulas to determine measurements. 

 
Mathematics of the task: 

• Reasoning about interior and exterior angles 
• Understanding that the sum of the exterior angles for a polygon is always 360° 
• Reasoning that the interior angles of a polygon are always a multiple 180° 
• Developing a convincing argument or justification 

 
Strategies used by successful students: 

• 50% used exterior angles 360/30 
• 34% used the formula- 180 (n-2)/n  
• 6% used the interior angles 1800/12 = 150 
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The maximum score available for this task is 5. 
The minimum score for a level 3 response, meeting standards, is 3 points. 
 
Most students, 89%, could find the number of sides for the figure make of rotating triangles.  Many 
students, 80%, could meet all the demands of the task including explaining how they used the given 
measurements to find the number of signs.  8% of the students scored no points on this task.  75% of 
the students in the sample with this score attempted the task. 
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Triangles 
 
Points Understandings Misunderstandings 

0 75% of the students with this 
score attempted the task. 

A common error was to think the new figure 
would have only 10 sides.  Students may 
have guessed using the diagram or 
incorrectly assigned the 60° angle to the 
wrong part of the triangle. 

2 Students could find the number 
of sides for the new figure. 

Students could not put together a complete 
explanation of how they figured it out.  
They may have just made some marks on 
their diagrams and used no words.  They 
may have left out steps in making the 
justification. 

5 Students could reason about 
fitting together copies of a 30-
60 degree right triangle to 
make a regular polygon.  
Students could find the number 
of sides for the polygon and 
give a convincing justification 
for the solution. 
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Implications for Instruction 
Students need help with diagram literacy.  Some students assigned the 60° angle to the smallest 
angle of the triangle.  They may have then used a correct process for finding the solution, but got an 
incorrect answer because of the first incorrect assumption. 
Students needed to understand something about the sum of interior or exterior angles to make a 
convincing argument.  Some students did not know how to complete an argument.  Students should 
have frequent opportunities to make convincing arguments.  
Ideas for Action Research 
While most students did very well on this task, it still is interesting enough to have students 
investigate some misconceptions or solve the problem for different perspectives. 

Re-engagement – Confronting misconceptions, providing feedback on thinking, going deeper 
into the mathematics. (See overview at beginning of toolkit). 
1. Start with a simple problem to bring all the students along. This allows students to clarify 

and articulate the mathematical ideas. 
2. Make sense of another person’s strategy.  Try on a strategy.  Compare strategies. 
3. Have students analyze misconceptions and discuss why they don’t make sense.  In the 

process students can let go of misconceptions and clarify their thinking about the big ideas. 
4. Find out how a strategy could be modified to get the right answer.    Find the seeds of 

mathematical thinking in student work. 
I might start with the misconception that the smallest angle is 60° and show the work of Student G. 

 
What is the student thinking? Where do the numbers come from?  If the angle really were 60 
degrees would the solution be correct?  Why or why not? As with any re-engagement, I would want 
to give students first some individual think time, then pair/share before going to a whole group 
discussion.  I would put think/discuss break after the first two questions and the second set of 
questions. 
 
Next I might give a partial strategy to have students rethink the task. I might use some of the work 
from Student A.  I want would to show only a snippet of the work to really make students think hard 
about what was going on.  I might start with the calculations and have students try to guess where 
the numbers came from and what the student was thinking by showing: 
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or I might start with the diagram and ask students how this might lead to a solution: 

 
You might try each version with a different class and compare how the discussions are different.  
Which start provided the most interesting discussions?  Why? Do you think the prompt was more 
interesting or was it the students in the class? 
Now I might use the idea of the formula.  I might introduce the idea from the work of student D, by 
saying that I overheard someone say that the sum of the interior of any polygon is equal to (n-2) 
180.  What does this mean?  Can you give me some examples to convince me that this is true? 
After some discussion I might follow up with part of the work of Student E.   

 
I am confused when I look at this formula.  Where does the 150 come from?  Why is the student 
dividing by n? I want students to think about the formula from a different perspective and relate it to 
the problem at hand. I am hoping to provide a small amount of disequilibrium. 
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Next I might use a statement by Student D: 

 
What is the student thinking?  How would this help the student?  What might the student do next? 
Next I might show the work of Student B: 

 
If the student didn’t know the formula, how might this information help the student find the solution?  
What do you think the student did next? 
 
This re-engagement lesson is about letting students look at a problem from different perspectives or 
points of view.  It helps students follow different reasoning paths.  Why is this important for 
students?  How does it help further their skills? 
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Hanging Baskets 
This problem gives you the chance to: 
• work with the volumes of pyramids and hemispheres 
 
  
Hugo sells hanging baskets. They have different shapes and sizes. 
Hugo needs to know their volume so that he can sell the correct amount 
of potting compost to fill them. 
 
1. There are pyramid shaped hanging baskets with a  
     square opening at the top. 
    The square has sides of 25 cm and the basket is 30 cm deep. 
 
 
 
 
    Calculate the volume of this basket. 
    Show your work. 
 __________________cm3 

 
 
 
 
 
 
2. Hugo makes a tetrahedron shaped basket with the same volume  
    as the square based pyramid. 
    He decides to make it with an opening that is an equilateral  
    triangle with sides that measure 30 cm. 
     
    Find the area of the equilateral triangle. _____________ cm2 
 
 
 
 
 
    How deep will this basket have to be?   __________________cm 
    Show how you figured it out. 
  

 
 

Volume of a pyramid = 1/3 area of base x height 

25 cm 

30 cm 

30 cm 

d cm 
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3. Hugo also sells hemispherical baskets with a diameter of 30 centimeters. 
 
 
 
 
 
 
   

 
    Calculate the volume of this basket.   __________________cm3 
    Show your work. 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 

30 cm 

Volume of a sphere = 4/3πr3 

9 
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Hanging Baskets Rubric 
 
• The core elements of performance required by this task are: 
• work with volumes of pyramids and hemispheres  
 
Based on these, credit for specific aspects of performance should be assigned as follows 

 
 
 
 

points 

 
 
 

section 
points 

1. Gives correct answer: 6250 
 Shows correct work such as:  252 x 30 / 3 

1 
1 

 
 
2 

2. Gives correct answer:  390 ± 1 

Gives correct answer:  approx 48 
Shows correct work such as: 390/3 = 130                                                           
                                                6250 / 130 

2 
 

1 ft 
 

1 ft 

 
 
 
4 

3. Gives correct answer:  7069 or 2250π 
Partial credit:   
14137 or 4500π, 56549 or 18000π 
Shows work such as:  2/3 π 153 or 4/3 π 153 or 2/3 π 303 
 

2 
 

(1) 
1 

 
 
 
 
3 

 Total Points   9 
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Hanging Baskets 
Work the task and look at the rubric.  What are the key mathematical ideas that students 
need to solve this task? ____________________________________________________ 
 
 
 
How often do students in your class have opportunities to decompose complex figures?   
What do you think they understand about 3-dimensional shapes? 
When working with formulas, are expectations for students to understand why they make 
sense?  What kinds of activities or questions help promote this understanding? 
Look at student work for part 1, finding the volume of the pyramid.  How many of your 
students: 

• Correctly calculated the area (6250 cm3)?_________________ 
• Gave an answer of 250 cm3? ____________________ 

What are students not understanding about the formula to arrive at this answer? 
 
Now look at student work on part 2, finding the area of an equilateral triangle.  How 
many of your students put: 

390 780 450 375 318 Other  
      
How might they get an answer of 780?  450?  375?  How are these misconceptions 
different? 
 
Now look at student work on the second part of 2, finding the height of the basket.  How 
many of your students put: 

48 26 25 24 No answer Other 
      

What were some of the misconceptions leading to these errors? 
 
Now look at student work in part 3.  How many of your students put: 

• A correct volume of 7069 or 2250π cm3 ? _____________________ 
• Forgot to divide the answer by 2 ( half a sphere)?________________ 
• Some other answer?_________________________ 

 
Look at some of these errors to see what caused students difficulty.   

• Did they use the wrong radius? 
• Did they square the radius instead of cubing the radius? 
• Did they make arithmetic errors? 
• What other things did you notice? 
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Looking at Student Work on Hanging Baskets 
Student A lays out the calculations in a clear, orderly fashion.  The student marks the 
diagrams and makes additional diagrams to clarify the thinking, showing the 
decomposition of the shapes.   
Student A 

 



Geometry    
Copyright © 2009 by Noyce Foundation 
All rights reserved. 

23 

Student A, continued 

 
Student B confuses the height of the basket with the height of the triangle on the base of 
the pyramid.  The student does not use the information that the second basket should have 
the same volume as the first basket. 
Student B 
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Student C does not understand what the height is for finding the area of the triangle and 
uses the side instead.  Do you think the student knows the Pythagorean theorem? In the 
second part of 2, finding the depth of basket, the student knows that the volume needs to 
be the same as the volume above, but assumes the height is 30 and ignores the rest of the 
formula.  What strategies might help this student think through the process?  What 
questions would you ask to get the student to rethink their process? 
Student C 
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Student D confuses the side of the base for the area of the base in calculating the volume 
in part 1.  In the second part of 2, the student uses the area of the base for basket one, 
instead of the volume.  What suggestions might you make to help this student organize his 
work?  Where would you go next with this student? 
Student D 
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Student E has trouble sorting out what the base is for each figure.  What questions could 
you pose for this student to push his thinking? 
Student E 
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Geometry   Task 2     Hanging Baskets 
 
Student Task Work with the volumes of pyramids and hemispheres. 
Core Idea 4 
Geometry and 
Measurement 

Apply appropriate techniques, tools, and formulas to determine 
measurements. 

• Understand and use formulas for the area, surface area, and 
volume of geometric figures, including spheres and cylinders. 

• Visualize three-dimensional objects from different 
perspectives and analyze their cross sections. 

Core Idea 3 
Algebraic 
Properties and 
Representations 

Represent and analyze mathematical situations and structures 
using algebraic symbols. 

• Solve equations involving radicals and exponents in 
contextualized problems such as use of Pythagorean Theorem. 

 
Mathematics of this task: 

• Recognizing the base in a pyramid 
• Being able to decompose a formula into smaller parts to derive the needed 

numbers such as area of the base 
• Understanding that the height of a triangle is not always equal to the side length 
• Being able to use Pythagorean theorem in a practical application 
• Understanding equality to set up an equation to make the volume of one figure 

equal to the volume of another 
• Understanding circles and spheres, recognizing the difference between radius and 

diameter, a half sphere and a whole sphere 
 
Based on teacher observation, this is what geometry students know and are able to do: 

• Use the formula the find the volume of a sphere 
• Find the volume of a pyramid with a square base 

 
Areas of difficulty for geometry students: 

• Confusing the base of the square for the area of the base in the pyramid 
• Understanding that the side length is not the height of an equilateral triangle 
• Understanding that the area of a 3-dimensional figure requires an area of the base 

times the height  
• Using the height from the base triangle as the height for the pyramid 
• Using the area from part 1 instead of the volume from part 1 to solve in part 2 
• Forgetting that the formula was for the area of a sphere and that the figure was a 

hemisphere 
• Squaring the radius when finding the volume of a sphere instead of cubing the 

radius 
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The maximum score available for this task is 9 points. 
The minimum score for a level 3 response, meeting standards, is 5 points. 
 
Most students, 97%, could use the formula to find the volume of a sphere. 91% 
recognized that the figure was a hemisphere and divided the volume by 2. Many students, 
70%, could either find the volume of a pyramid with a square base or use Pythagorean 
theorem to find the area of an equilateral triangle and find the volume of a hemisphere. 
20% of the students could meet all the demands of the task, including finding the volume 
of a pyramid with a square base, finding the height of a triangular prism with an 
equilateral triangle for the base and volume equal to the square pyramid, and find the 
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volume of a hemisphere. 1.6% of the students scored no points on this task.  All the 
students in the sample with this score attempted the task. 
Hanging Baskets 
 
Points Understandings Misunderstandings 

0 All the students in the sample 
with this score attempted the 
task. 

Students had trouble using the formula for 
volume of a sphere.  Some students 
squared the radius instead of cubing the 
radius.  Some students used the diameter 
instead of the radius. Students had trouble 
calculating with the 4/3. 

2 Students could find the volume 
of a sphere. 

26% of the students didn’t recognize it that 
it was a hemisphere. 

3 Students could calculate the 
volume of a hemisphere. 

Students couldn’t calculate the volume of 
the pyramid.  39% multiplied the base of 
the square times the height of the pyramid 
instead of the using the area of the square. 

5 Students could calculate the 
volume of the hemisphere and 
either find the volume of the 
square pyramid or find the area 
of an equilateral triangle using 
Pythagorean theorem. 

Many students, 14%, thought height of the 
triangle was the side length. 10% forgot 
that the area of a triangle is length time 
width divided by 2. Students also struggled 
with finding the height of the triangular 
pyramid.  They used the area of the base in 
part 1 instead of the volume (22%).  They 
thought the height for the pyramid was the 
same as the height of the triangular base 
(18%).   

8 Students could compose and 
decompose geometric shapes 
and formulas to find the volume 
of a square pyramid, find the 
area of an equilateral triangle, 
find the height needed to make  
the volume of a triangular 
pyramid equal to the volume of 
the square pyramid, and 
calculate the volume of a 
hemisphere. 
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Implications for Instruction 
Students need more opportunities to compose and decompose figures.  Students need to 
be able to identify what they know and what they need to find out in complex problems.  
Students need rich tasks, using a variety of past knowledge and skills.  Will they know to 
pull out Pythagorean theorem or can they use it only during the chapter it is introduced?  
Students seem to struggle with ways to organize their information, when dealing with a 
multi-step problem.  Students need opportunities to work tasks with longer reasoning 
chains.  Using labels or diagrams might be helpful tools to track their thinking process. 
 
Students should learn material, such as formulas, for sense making, so that they can see 
how the parts of the formula relate to the parts of the shape.   
 
Some students need work or review on basic computational skills, such as understanding 
exponents and working with fractions in multiplication. 
Ideas for Action Research 
Students in this task had difficulty understanding the formulas.  They didn’t seem to be 
able to identify the base or understand why that is critical to making sense of the formula.  
One of the SVMI Resources are some video case studies developed by Cathy Humphreys 
and Jo Boaler, Middle School Mathematics Teaching Cases. In the lesson students first 
make sense of the formula for volume of a rectangular prism.  Where do the letters come 
from?  How do they relate to other geometric ideas?  Then students are asked if they 
could use some of those ideas to come up with ideas about how to find the volume of 
cylinder.  This would be a good case to view and discuss with colleagues.   
 
Then working together as a team, how could you further develop the lesson ideas to help 
students make sense of the formulas in Hanging Baskets?  What questions would you 
pose?  What are the essential understandings that you want geometry students to have 
about the formulas? 
 
One of the critical ideas in the Japanese approach to understanding geometry is the idea 
of composing and decomposing shapes.  In this task, students are not understanding 
where the base of the figures is located and what are the measurements needed to think 
about finding the area.  So, after developing a lesson on making sense of volume 
formulas for 3-dimensional shapes students may also need to do a re-engagement lesson 
with the Hanging Basket task and try to decompose the figures. 
 
For example, a teacher might show the work of Student E and pose the question:  
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I saw this work on a student paper.  What do you think the student was thinking?  What 
was the student confused about? Give students individual think time, then allow them to 
pair/share.  The idea is to maximize student thinking and talking.  Give all students a 
chance to verbalize their ideas before starting a class discussion.  In this case, the 
question is designed to help them recognize a misconception and why and doesn’t work. 
The teacher might follow up with questions, such as: 
What is the base of this shape? What are the dimensions of the base?  How can we find 
the area? 
Next the teacher might look at work on part 2. 

 
Again, ask the students what is going on with this work.  Where are the numbers coming 
from? What is the base of this shape? What are the dimensions of the base?  How can we 
find the area? 
How does this type of probing help students develop their ideas about formulas and 
decomposing shapes?   
 
Now work with colleagues to look at other pieces of student work.  How could you use 
snippets of the work to help further the discussion?  What big mathematical ideas do you 
want students to develop in this follow up session? What generalizations do you want 
students to have at the end of the lesson? 
 


